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First principles justification of a “single wave model”
for electrostatic instabilities
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The nonlinear evolution of a unstable electrostatic wave is considered for a multispecies Vlasov
plasma. From the singularity structure of the associated amplitude expansions, the asymptotic
features of the electric field and distribution functions are studied in the limit of weak instability,
i.e.,y—0" whereyis the linear growth rate. The asymptotic electric field is monochromatic at the
wavelength of the linear mode with a nonlinear time dependence. The structure of the distributions
outside the resonant region is given by the linear eigenfunction but in the resonant region the
distribution is nonlinear. The details depend on whether the ions are fixed or mobile; in either case
this generally derived physical picture corresponds to the single wave model originally proposed by
O’Neil, Winfrey, and MalmberdPhys. Fluidsl4, 1204(1971)] for the special case of a cold weak
beam instability in a plasma of fixed ions. €99 American Institute of Physics.
[S1070-664X%99)01403-7

I. INTRODUCTION are generic to a wide class of problems in which a weakly
unstable mode evolves while coupled to some neutrally
Recently, we have studied the collisionless nonlinearstable mode&-2 (In Vlasov theory, the neutral modes are
evolution of a weakly unstable mode? In this setting, one  supplied by the van Kampen continuous spectjumall of
expects that the small growth rate limi0) will deter-  these problems, in theg—0 limit, the strong nonlinear in-
mine a characteristic scaling exponent for the mode electriteraction with the neutral modes produces a kind of singular
field E~ y# and the theoretical determination gfis an in-  perturbation problem whose structure determines the scaling
teresting aspect of the problem. This exponent has a somexponent3 as well as many other features of the asymptotic
what controversial history in the plasma literatisee Ref. 1  solutions.
for additional discussionfrom which two influential contri- We use series expansions to represent the nonlinear so-
butions provided our initial motivation. For an infinite one- lutions, and apply the series to analyze the dynamics on the
dimensional system with fixed ions, O'Neil, Winfrey, and unstable manifold of problem. This amounts to considering
Malmberg (OWM) considered the instability due to a weak initial conditions in which only the unstable mode is excited
cold electron beam and formulated a simplified dynamicagnd leads to the simplest setting for treating the dynamics
model—the single wave mod&in their picture, the unstable because the unstable manifold is two-dimensional. However,
mode saturates by trapping the beam par’[icles and the resulecause the manifold is also global and invariant, we are not
ing electric field exhibits the “trapping scalingE~ y? (yis  in principle restricting ourselves to short-time scale informa-
the initial linear growth rate of the moyleSubsequently, tion. The full series are viewed as representing exact nonlin-
Simon and Rosenbluth studied the corresponding problerf@r solutions; we do not necessarily expect that they can be
for a bump-on-tail beam instability in a finite one- truncated at some low order to obtain accurate approximate
dimensional system also with fixed ionsThey sought to Solutions. Rather it is important to treat themholeand this
determine the time-asymptotic state from a multiple time€mphasizes the need to only draw conclusions that can be
scales expansion, and predicted a qualitatively different scafhown to hold to all ordergf possible.
ing behaviorE~ 2. Their calculation is marked by techni- This approach has now been successfully worked out for
cal difficulties due to singular coefficients that appear in theflectrostatic instabilities in a Vlasov plasma with several mo-
perturbation theory, necessitating a variety of recipes to obPile species; generalizing an earlier investigation that as-
tain finite results. sumed fixed iond.In our analysis, there are two interrelated
We have developed a systematic approach tojthe0 expan_sions tha_t _need to be stgdied: The expansion _of the
regime of such problems that can treat single mode instabili€duation describing the evolution of the wave amplitude
ties in a uniform fashion; the singularities encountered byb‘(t)
Simon and Rosenbluth are given a direct physical interpreta-
tion and also handled in a mathematically natural manner.
This research has been further motivated by the recognition  A=X\A+p,A|A|%+ p,A|A|*+:-, (1)
that the difficulties encountered by Simon and Rosenbluth

dElectronic mail: anand@merlin.phyast.pitt.edu and the expansion for the particle distribution functiéns

1070-664X/99/6(3)/666/8/$15.00 666 © 1999 American Institute of Physics



Phys. Plasmas, Vol. 6, No. 3, March 1999 J. D. Crawford and A. Jayaraman 667

F(x,0,t)=Fo(v)+ A1) e y(v)+A* (t)e y* (v) field E and note something simple and interesting. Even

) 5 ok though we work in a more general physical setting than

+[Al%ho fv) + A%, (v) OWM (and, therefore, are analyzing a much larger class of
+(A*)Zefi2kxh>2t-‘0(v)+“, . 2) instabilities, the derivedasymptotic forms folE and F ex-

hibit rather precisely the features that OWdstulateas the
In each of these expansions, tye-0 limit generates vari- basis of their single wave model, i.e.,
ous coefficient singularities which we are able to handle(l) The electric field is monochromationek value.

mzlthemlatlcally n a simple fhmform way that Worksdto ?Ifl (r2) Thenonresonanparticles respond to this electric field in
,?hr ef_rs.t na pl’e_VIO:::IS_ paperjt ('js fr.?g(;am v;/as_ Caf['he outtor = an essentially linear fashion, i.e., tkendv dependence
e first expansiofil) in a quite detailed analysis with a very in given by the linear eigenfunction,

S|mpl_e conglusmn: Sd“}(‘”: () ar;d rewrite the ex- (3) The resonantparticle distribution, expressed in the ve-
pansion(1) in terms er. Th_e_ fac_:tors oty thus_ mtroduc_:e_d locity variableu, has a much more complicated structure
exactly remove al! singularities in the 5expansmn coeff|c.|ents that is clearly determined by nonlinear processes, e.g.,
to all o_rders provided one _choo.sey? (there are special particle trapping. One interesting feature of our resonant
exceptlong, such as th(_e I|m|t.of fixed ions Where. the correct particles is that the wave number content of the distribu-
exponent i =2). The mduc'qor_1 proof th"f‘t there is actually tion is vastly simpler when the ions are mobile compared
a value of 8 that achieves this is the main result of Ref. 3. to the fixed ion limit.

The physical significance of the singularities in the coeffi-

cients{p;} is to set this scaling exponent for the mode am-A significant aspect of this conclusion is that these features
plitude, and this determines the overall scaling of the electridave been derived by a systematic analysis carried out to all
field through the Poisson equation. Thus this result predicterders.

the electric field scalindg ~ y®? universally for these insta- Assuming these features allowed OWM to formulate
bilities (including beam-plasma and two-stream configura-their single wave modelSWM) for a cold beam instability
tions) throughout the dynamical evolution and in the time- which was a much simpler system of equations for the prob-
asymptotic state. In special cases, such as infinitely massidem that nevertheless should preserve the essential physical
ions (fixed-iong, the electric field gives back the familiar features of the problem. The SWM is not analytically solv-
“trapping scaling” E~y? as expected. The shift fronpg  able but it is vastly simpler to treat numerically and has been
=2 to B=3 as the true asymptotic scaling due to the finitea useful model for many theoretical studies since its
mass ions is a significant conclusion regarding the physicaihtroduction?‘16 The same features have now been derived
character of the wave. Since previous studies of thdor a much larger class of weakly unstable modes and this
asymptotic scaling of single wave instabilities have focusedrovides a “first principles” justification for constructing
primarily on infinitely massive ions, this shift was not antici- and studying analogous SWM type models for electrostatic
pated and was discovered purely as a consequence of thgstabilities quite generally.

singularities in the amplitude equation, Ed). In the remainder of this introduction we review our no-

We build on this result with two main goals. The first tation and in Sec. Il we summarize the needed conclusions of
goal is to demonstrate that the same choicesfatso serve  Ref. 3 regarding the singularities of the expansions. Section
to cure the singularities exhibited in the second expansion folll applies these conclusions to the distributions and electric
F. This is an important conclusion and fortunately it is com-field, and Sec. IV contains a final discussion. As this paper
paratively easy to demonstrate given various estimates on the#as being completed, we learned of the interesting recent
coefficients{h, ;(v)} developed in our previous paper. The work by del-Castillo-Negrete who has given an different
expansions foF only yield singularities for velocities in the derivation of the single wave picture using matched
so-called resonant region near the linear phase velocity arasymptotic methods to treat the resonant and nonresonant
in this local neighborhood the expansion focan be rewrit-  particlest’ As in the original work of O’Neilet al, del-
ten in terms of a “fast” velocity scale variable; this ex-  Castillo-Negrete allows only mobile electrons, and more-
tracts from the each expansion coefficiagt;(v) the singu- ~ over, restricts attention to instabilities associated with so-
larity it will exhibit as y—0. These singularities are then called “inflection point modes.*8*
balanced against the factorsgf coming from the rescaling A. Notation
of A and one sees that the factors ¢f are sufficient to '
remove all the velocity space singularities in the resonance Our notation follows Ref. 3; we consider a one-
region. In this way, they—0 limit is sensibly handled in dimensional, multispecies Vlasov plasma defined by
both expansions and to all orders. It is worth noting that in

. JE® JFE®) JFE®)
other problems with weakly unstable modes coupled to neu- +o + kOE -0 3)
trally stable modes the singularities in the amplitude expan- at IX v ’
sion have been successfully understood in the samé®way.

A second goal of the present paper is to discuss the 55_2 * (s)
physical characteristics of the asymptotic solutions once the gx < f,ocdvF (0,1).
limit y—0 has been mathematically understood. We exam-
ine the resulting asymptotic expressions Fofin both reso- Herex, t, andv are measured in units of w,, wgl andu,
nant and nonresonant regions of velogeyd for the electric  respectively, whereu is a chosen velocity scale andg

4
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=4me’n,/m,. The plasma length is with periodic boundary
conditions and we adopt the normalization

L/2 oo Z.Nn
f dxf dvF<S>(x,u,t)=( ° S)L, (5)
—Lr2 —oo Ne

(8.0)=3 J':de(S)(x,v)*D(S)(X,v). (12)

The spectral theory fol is well established and the
facts needed for our analysis are easily summarized. The

) ) © eigenvaluesh=—ilz of £ are determined by the roots
v=vhere gs=ez is the (g)h_a?e of species and « A,(2)=0 of the “spectral function”
=qsm./em;. Note that«'®=—1 for electrons and that the ©
normalization(5) for negative species makes the distribution S99 (v)

A|(z)zl+foo dv (13)

function negative.
Let Fo(v) and f(x,v,t) denote the multicomponent
fields for the equilibrium and perturbation, respectively, an

v—Z

df the contour in Eq(13) is replaced by the Landau contour

k the matrix of mass ratios

f(sl) FE)S:L)
f= f<f2>), Fo=| F? |,
ks 0 0
= 0 2 0 .- ' (6)

then systems3) and(4) can concisely be expressed as
ot =L+ NMf 7
ST =LA, @)

where the linear operator is defined by

[’

cf= 2 e™Lf), ®
(Lif)(v)
| =
Bl —Il{vf|(v)+l< () E f dv'f¥")| 1+0,
9
with 7,(v)=—4,F,/12, and the nonlinear operatoV is
S, of
N(f)—mZ_w em > T("' - '

(10

x> f do' £ (v").
S/ — 00

In the spatial Fourier expansiof8), | denotes an integer

multiple of the basic wave numbersZL, and the primed
summation in Eq(10) omits thel =0 term. The notationc

-m(v) or k-4d,f,_, denotes matrix multiplication. For two

multicomponent fields of  Xv), eg., B
:(B(Sl),B(Sz),B(Ss),___) andD=(D(Sl),D(SZ),D(S3),...), we
define an inner product by
L/2 e
(B,D)= f dxf dvB®(x,0)*D®(x,v)
L/2
=f dx(B,D), (12)
—L/2

where

for Im(2<0 then we have the linear dielectrig(z); for
Im(2>0,A,(2), ande (z) are the same function. The eigen-
values can be either real or complex depending on the sym-
metry and shape of the equilibrium.

Associated with an eigenvalue= —ilz is the multicom-
ponent eigenfunctiod® (x,v) =€ y(v) where

K7
v—2'

P(v)=— (14

There is also an associated adjoint eigenfunctio(x,v)
=e™Y(v)/L satisfying @, ¥)=1 with

1

- (15
A(2)*(v—2*)

Ylv)=—

Note that all components af(v) are the same. The normal-
ization in Eqg.(15) assumes that the root &f(z) is simple
and is chosen so théij, )= 1. The adjoint determines the
projection off(x,v,t) onto the eigenvector, and this projec-
tion defines the time-dependent amplitude¥f i.e., A(t)
=(V,f).

II. PREVIOUS RESULTS

In this section, we provide a brief synopsis of the ap-
proach and most relevant conclusions from our previous
paper’ The equilibrium Fo(v) is assumed to support a
“single” unstable mode. With translation symmetry and pe-
riodic boundary conditions, this is the simplest instability
problem that can be posed. An unstable mode exists if the
spectral functionA,(z) has a rootzp=iN/k=v,+iy/k in
the upper half of the complex plane¥0). Henceforth, let
k denote the wave number of this unstable mode that is as-
sociated with the root\,(zy) =0 which we assume to be
simple, i.e.,A(zg) #0. The corresponding eigenvector is

K- 77k)

U_ZO )
The root zy=v,+iy/k determines the phase velocity,

= w/k and the growth ratey of the linear mode as the real

and imaginary parts of the eigenvalhes —ikzy=y—iw.

If N\ is an unstable eigenvalugRe(\)=y>0] with a
eigenfunction¥, then\* is also an unstable eigenvalue and
the corresponding eigenfunctionis*. This corresponds to
a wave with wave numbet k. So the unstable subspace is
two-dimensional.

qf(x,u)zeikX¢(v)=eikX< — (16)
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Solutions on the two-dimensional unstable manifold 1 9 K27y
have the form ho,o(v):—p— —|, (25
N e | (v—20)(v—25)
fU(x,0,0) =[A(t) g(v) ™+ A* (1) y* (v)e™ "]
1 (k-0 1 [k-m)\[ K 7k
+H(x,v,A(t),A* (1)), 1 - _ — Uk
(x,v,A(t),A* (1)) 17 h, (V) 2k2( U_ZO)+6k2<U_ZO)<v_ZO>, (26)

where A(t)E({ff,f“) evolves according to the amplitude

equation and one notes that fop>0 these are smooth functions but

there are complex poles a§ andz; that approach the real
A=NA+ (T, MfY)), (18  axis atv=v,, in the limit y—0*. Forh,,all poles lie above
the real axis, buhg contains poles above and below the
axis and this forces the integréﬁUT,/x,K-hOD) in p; to di-
- " ~ . verge asy— 0" because of a pinching singularity. For simi-
A =LHANME) = [(P M)W +cc], lar reasons, the integrdb, #,«- ¢*) also diverges but the
(19 remaining integrals ifp; are nonsingular.

A detailed evaluation of this asymptotic structurepn

yields the form

and self-consistency requirésto satisfy
oH At oH
AT A%

subject to the geometric constraints

oH oH
0=H(x,v,0,0)= —(X,v,0,0)= = (x,v,0,0).  (20) 1
IA IA* p1=7[01(7)— ydi(y)+O(¥H)], 27
The translation symmetry of the mod@)) provides im- ) ) ]
portant constraints on both the amplitude equation and th@hdc, andd, are nonsingular functions of defined by
form of H.2 For the amplitude Eq(18), the right hand side

B k r(s 52 ® W(ks)
must have~the form ci(y)=— 41\.270)2 KO (1— )Im( Lwdv el
NA+F (T N(FY)=Ap(o), (21 (28)
whereo=|A|? and p(o) is an unknown function to be de- 1 1 , (= 7
termined from the model. Similarly, translational symmetryd,(y)= 1 4/\’—(2)2’ k(1 )f dv (_—kz)z
requires the spatial Fourier components-bfo have a spe- k<0 e W%
cial form 29
Ho(v,AA*)=chy(v,0), where the primed species sum omits the electrons.yAt
=0,c, has the limit
Hi(v,A,A*)=Achy(v,0), (22
___ Tk " (1= (97 (S
Hol(0, A A% =A™h (v,0) for m=2, 0=z 2 KIA=k) 7 wy), (30

whereH _;=H} . These results focus our analysis on a set ofyhich is tvpically nonzero vielding a—
functions{p(o),h,(v,0)}, which must be determined from ypicaly y 9%
the Vlasov equation.

4 singularity forp;.
There are at least two special cases of interest for which
¢1(0)=0; namely, infinitely massive fixed ions{® =0 for
A. Expansions and singularities all s#e) and flat ion distributions at the resonant velocity
(7(v,)=0 for all s#€). In such cases, the divergence of
p, drops toy 3.
. * . Analogous singularities appear also in the higher order

p(o)=2, pjol, hp(v,0)=2 hyj(v)al. (23)  coefficients and grow more severe although their character

! =t remains the same. The higher coefficients; exhibit more
The coefficient; andhy, ; are determined by inserting the and more poles, which approach the linear phase velocity as
expansions into Eq$19) and(21) and solving at each order y—07, and these poles generate stronger pinching singu-
of 0. The resulting recursion relations are given in Ref. 3 andarities in the higher coefficients;. An important property
are not required for the present discussion. of the poles irh, ; is that they always have the general form

The key point is that for both the amplitude equation and(v —«) " or (v—a*) " with

the distribution function the expansion coefficients develop
singularities in the limity—0™". This can be seen explicitly
by reviewing the calculation of the cubic coefficiept.
From Ref. 3,p, depends o, andh, g

We studyp(o) and{h,,(v,o)} via the expansions

a=zo+iyllk=v,+iy({+ 1)K, (31)

where >0 is a purely numerical factor, i.e., the poles al-
ways lie along the vertical line Re(=v,,.
i _ oo -~ The explicit calculation of higher order coefficients from
Pi=— (9,4, k- (hgo—hp o)+ T’(ﬁuw,/« v*)|, (24  recursion relations rapidly becomes prohibitively laborious;
however, useful bounds on the singularity of the higher order
wherel'; o= [dvh;o. The recursion relations determihg,  coefficients are obtained Ref. 3 using an induction argument.
andh, g More precisely, we find for the amplitude equation
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lim y"|pj|<oe, (32) A Nonresonant velocities

=07 Forv—v,=0(1), thefunctions¢(v) andh(v,o) are
for j=1 wherev=5j—1 in the generic case with;(0) boundedO(1) quantities(we useo=y?’r? to emphasize
#0, andv=4j — 1 in the two special cases mentioned above this), and the Fourier componen{36) combine to yield
fixed ions or flat ion distributions, witle;(0)=0. For the (F(x,0.)— Fo(0))/ 8
coefficients of the distribution function, the induction argu- 0 o))y

ment proves, fom=0,j=0, andm’=0 =[r(r)e "W (x,v)+cc]+ ¥Pr(7)%hy(v,0)
* , 24 3ra—ift) ikx
lim ,yym’jf dl)z (K(S))m hET?,)J(U) <o, (33) + vy I’(T) [e hl(U,O’)e +CC]
y—07T e s %
(m—1) —imaé(t) imk

where wm=Jdm;+1 Wwith Jy;=(2m+5]—3)+48m0 +mE:2 [y™ PPr ()™ ™" Vhy(v,0)e™*+cc]
+56y,1 in the generic case defined y(0)#0. For the ,
special cases of fixed ions or flat ion distributions, Ep) ~[r(r)e "V (x,v)+ccl+O(yP). (37
holds with exponenim, j=Jmj—J — dm1- This estimate of

In words, the nonresonant correctionFg scales overall as
\ ¥#; the leading piece of this correction simply has the form

to a_rllﬁngﬁsthEorjr??[réaqm(ggr]ﬁgIeetgrir?]tirri]t;l;ﬁg;s'S caling expo of the linear wave¥ (x,v) with nonlinear time dependence
: " determined by the mode amplitudér)exp(—ié(t)).
nent forA. When Eqgs(18), (21), and(23) are combined we y P ér)exp(-i6()

obtain an amplitude equation

the singularity inh{®:(v) is applied in the following section

A=\A+ Z pj|A|2jA' (34) B. Resonant velocities
j=1

For v—v,=0O(y), the functionsy(v) and hy(v,o)

where each nonlinear term has a singular coefficient and thiyPically develop singularities ay—0" and these diver-
equation is ill-defined ay—0*. The cure is to rescale the 9gences compete with the explicit factors pfn Eq. (36) to

amplitude d'ett.erm?ne t.h.e asymptotic form of the distribut!on. Th'e. analy-
oo sis is simplified by the fact that all relevant singularities are
A(t)=yPr(yt)e "%V, (35 poles of the form described in E¢31), and these may be

with 8= 2 for the typical cased,(0)+0) and in the special r_ewritten as a singular fac_tor mu_ltiplying a nonsingular func-
cases withc;(0)=0 we require8= 2. Once this is done, the tion of the rescaled velocity variable=(v—v,)/y, e.g.
equations for (7) and é(t) are nonsingular in the regime of 1 1 1

weak growth rates; additional details may be found in Ref. 3. v—a) = =i+ DK™

Once this is done, the functiong(v) and hy,(v,o), ex-
pressed in terms af, may be substituted int(86); the vari-
able u provides a uniform velocity coordinate for the reso-

The scaling[Eq. (35)] of the amplitude has immediate nant region.
implications for the asymptotic structure of the distributions. ~ The puzzle is to deduce the correct overall factor of"1/

From Eq(l?) the Fourier coefficients of= F_FO may be for each function. Fohm(U,O') we have the integl’a| bound
written in terms ofr (7) and 6(t) in Eq. (35) andhy, (33) on the expansion coefficients which may be rewritten in
terms ofu

(38)

Ill. DISTRIBUTION FUNCTIONS AND ELECTRIC FIELD

fo(v,t)=¥*Pr(7)%ho(v,y?Pr?),

f(0,0) =71 (De O g(v) + y?Pr(n)?hy(v,y2Prd)],  lim f du, (k&)™ yt by (vt yu)| <ee. (39
y—0otl12 7%
36
fo(0.0)= y™r (1)Me MR (1) 126r2) m=2 39 Since all singularities are poles we know the integrand does
m 1 m 1 [ = £,

not have an integrable singularity, hence we conclude that
As y—0%,r(7) is an O(1) quantity, thus the asymptotic y”“mvihm’j(var yu) defines a nonsingular function af
features of each Fourier component are determined by the NPT,
explicitly shown factors ofy and the asymptotic form of the hmj(vp+yu)=y " #milhy (U, ). (40)
: 28,2 “
functions ¢/(v) and hy(v,y™"r). The dependence ohy, 4 nonsingular character &, ;(u,y) can be checked di-

necessitates a separate consideration of the asymptotic br%'ctly for the specific examples in Eq@5) and (26), and
havior for nonresonant and resonant velocities. In the forme '

: X . “Liso verified, in general, from the recursion relations. From
regime we assume the distance from the linear phase veloc%e expansion oh, (v,o), we thus find
m ) H

satisfiess —v,= (1), and theresonant regime corresponds
to velocities within a neighborhood of, that scales with the _ ~ ,
growth rate, i.e.p —v,=O(y). For resonant velocities, the Nm(vp+ YU,U)ZZ yAB~ (M emih o (u,y)rd. (4D
singularities iny(v) and hy,(v,y?#r?) come into play and =0

alter the asymptotic features of the distribution function.  In the generic case witg=2 and Mm,j=Jm,jT 1 this gives

]
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15 ” [F(xvp+ yu,0) = Fo(vpt yu)l/ ¥
h(vp+ yu,0)= 52 3, hinj(u, )2, (42 - .
[ ={r(ne """ [y(u,y)+r(7)?hy(u,r?,y)]+cc}
where
+O(y). (50
3 m=0
s,=16 m=1 (cy(0)#0) . (43) The generic resonant correction g, expressed in the ve-

locity coordinateu, scales overall ag®? the leading term in
this correction has the wavelength of the linear wave but the

In the special cases with fixed ions or flat distributions, thenvelocity dependencel(u,y) +r(7)2h;(u,r?,y), is not sim-

2m—1 m=2

B=2 andumj=Jmj—j—Om1, and Eq.(42) holds with ex-  ply given by the linear eigenfunction. The second term in an
ponent O(1) time-dependent nonlinear contribution. The time
2 m=0 dependence is determined by the mode amplitude
r(7)exp(—if(t)) but the dependence anis rather compli-
op=14 m=1 (c1(0)=0). (44)  cated.
2m—2 m=2
In all cases, we define the nonsingular functfgg(u,r?, ) _
EETZOﬁm,j(u,y)ij and rewrite Eq(42) 2. Special cases: ¢ ;(0)=0
A (U, y) . For .the special cases, defined by fixed ions or flat ion
hm(vp+ YU, 0) = Sl (45)  distributions, we apply48), (44), and (45) to Eq. (36) and
ym obtain
This expression provides the needed information on the sin-
gularity of h(v,o) in the resonant region. [F(X,vp+yu,t) —Fo(vp+ yu)]/y?

It is simpler to obtain the corresponding factorization of

_ —10(t) wikXT 20 2
the eigenfunction; from the definitiofi6) we have ={r(ne ""We"[y(u,y) +r(7)°hy(u,r*,y)]+cc}

%)

1 K- (vt yu) A .
Ylopt yu)= ;( ) (46) +r(n)?ho(ur?y)+ X [ ()"
and the only subtlety concerng(v,+ yu) which isO(1) in x e MR (U r2 y)+ccl. (51)

the generic casecf(0)#0) and O(y) in the two special
cases withc,(0)=0. Thus we define the nonsingular func- s i a qualitatively different structure in contrast to Eq.

tion ¢(u,y) by (49); now the resonant correction 9(y?) and all wave-
- lengths are present at leading order. Thus the spatial depen-
(U, ) . . . ; .
Yo+ yu)= . (c1(0)#0), 47 dence is very rich and bears no special relation to the linear
Y instability; a similar observation holds for the dependence on
in the generic case, but in the special cases the eigenfunctiofelocity.
is itself nonsingular and we have C. Electric field
P+ yu)=P(u,y), (c1(0)=0). (48) The Fourier components & are given by Eq(36) and

We are now able to describe the asymptotic structure of thE0iSSON’'s equation
resonant particle distributions.

iIKE(t)=yPr(7)e' 10| 14 2By (7)?

1. Generic instability: ¢ ;(0)#0

XJ dvz h(ls)(v,(r) ,
® S

For the generic case, inserting E@45) and (47) into _
Eq. (36) yields

[F(X,0p+ yU,t) = Fo(vp+ yu) ]/ *?

imkEmk(t)=ymﬁr(r)me—im"(“flduﬁ h'S(v,0),
={r(r)e "W g(u,y)+r(n)hy(u,r? y)]+cc )

* m=2, (52
+ﬁ[r(r>2ﬁo<u,r2,y> + 2 [y ()"
m=2 Bounds on the asymptotic form of the integrals can be in-
o ferred from the expansion,==;h,, ;o' and the bound33)
Xe'm"(‘)hm(u,rz,y)Jrcc]], (49 on the integrals ofi,,; (for m’=0). The details depend on
whether we consider the generic instability or the special
neglecting the subdominant terms this gives cases.
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1. Generic instability: ¢ ;(0)#0
With Eg. (33) we find

f dvz h(nf)(v,a')

R~

yHmi f dv 2 hiYi(v) |,
e 5

where the bracketed integral is &1) quantity from Eq.
(33). For the generic instability, upy;—28j=2m—2

2 3

+46,01+5601, i.e., thej dependence cancels, and we ob-

tain an overall scaling for the integral bf3 (v, o)

o J S hw,0)~0(D) (54
with
2 m=0
2m—2 m=2

Hence, with3=3, the generic components are

iKEy(t) =" (r)e "0 1+r(7)2y5J dv > hP(v,0)|,
T
|mkEmk(t): ,y2+m/2r(T)me—imﬁ(t),yZm—Zf dv
x 2 h(w,0),
S
m=2, (56)
The asymptotic electric field is
E(x,t) 1 .
ﬁ_i/52):E{_ir(T)e_la(t) 1+r(7)%9°
xf dv > hP(v,0) | +ccl+0(y*?),
e 5
(57)

clearly E is dominated by the wave number of the unstabl
mode with an overall scaling of*2 The termy®fdv S h{®

is treated as a@(1) contribution in light of the estimatés4)
above.

2. Special cases: ¢ ,(0)=0

For instabilities with fixed ions or flat ion distributions,
we have=2 andum j=Jn—j— dm1in EQ.(33); applying
this bound to Eq(59) yields a new scaling behavior for the
integral

yamJ:dug h(v,0)~0O(1), (59)

with
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1 m=0
ap=13 m=1 (c1(0)=0). (59)
2m=—-3 m=2

Now the general expressions for the components reduce to

iKE (t)=92r(7)e 'Ol 1+ yr(7)%5°

Xf dvz h(ls)(v,a')
IR~

imkEmk(t)z‘y3r(7)mefim9(t>'yzm73f dv Y, hv,0),

IR
m=2, (60)
and the asymptotic electric field has the form
E(x,t 1 . )
(y—z): E{—ir(r)e*"’“)[lJr O(y)1e"+ccl+O(y).
(61)

The overall scaling is now the well knowy? or “trapping
scaling” and the leading term has a much simpler structure.
Again we find the wave numbédc of the linear instability;
however, now the time dependence is simply given by the
mode amplitude (7)exp(—i6(t)).

IV. DISCUSSION

The single wave model, derived originally by O’Neil,
Winfrey, and Malmberg, described the interaction of a cold
electron beam interacting with a plasma of mobile electrons
and fixed ions. In their problem, the infinite extent of the
plasma allowed for continuous wave numbers and the disper-
sion relation for a cold beam was required to select a single
wave number corresponding to the maximum growth rate.
This wave number characterizes the electric field whose non-
linear time development results from the coupling to reso-
nant particles. The nonresonant plasma simply provides a
linear dielectric which supports the wave.

By contrast, we pose a more general problem, allowing
for multiple mobile species and not restricting the type of
electrostatic instability, but for a finite plasma with periodic

eboundary conditions. Within this setting, we consider equi-

libria supporting a single unstable mode and derive the re-
sulting equations for the electric field and distributions in the
limit of weak instability. In this asymptotic limit, the physi-
cal picture of the original single wave model emerges quite
generally. The monochromatic electric field is coupled to the
resonant particles and evolves nonlinearly while the nonreso-
nant particles show only a linear response to the electric
field.

The amplitude expansions, whose singularity structure
form the basis of our analysis, do not provide a practical tool
for solving the single wave model. For this purpose, it is
more convenient to assume the simplifications of the single
wave picture and derive model equations directly from the
original Vlasov theory. This development will be presented
in a forthcoming paper.
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