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The amplitude equation for an unstable electrostatic wave is analyzed using an
expansion in the mode amplitud®&(t). In the limit of weak instability, i.e.,y

— 07" wherevy is the linear growth rate, the nonlinear coefficients are singular and
their singularities predict the dependenceA(t) on y. Generically the scaling
|A(t)| = y>r (yt) asy—0" is required to cancel the coefficient singularities to all
orders. This result predicts the electric field scalifig ~ y>? will hold universally

for these instabilities(including beam-plasma and two-stream configuradions
throughout the dynamical evolution and in the time-asymptotic state. In exceptional
cases, such as infinitely massive ions, the coefficients are less singular and the more
familiar trapping scaling E,|~ v? is recovered. ©1998 American Institute of
Physics[S0022-24888)03009-9

I. INTRODUCTION

A. Overview and background

We recently presented a detailed analysis of the amplitude equation for an unstable electro-
static mode in an unmagnetized Vlasov plasthanceforth(1)].! In that work, the amplitude
equation was studied using an expansion in the wave amplitude, and only the electron motion was
considered with the ions treated as a fixed neutralizing background. In this paper we study the
effect of including mobile ions and investigate the mode amplitude equation for an electrostatic
wave in a multispecies unmagnetized plasma. A@)inve focus on the regime of weak instability
and carefully analyze the structure of the amplitude equation in the §imiD* where y is the
linear growth rate for the unstable wave.

Incorporating the effects of finite ion inertia is a significant step for several reasons. With
finite mass, the ion motion occurs on a finite time scBlec~ and in the limit of very weak
growth rates this will be a fast time scale, i.&;<y ! as y—0". Over the duration of the
instability, the ions can readily respond to the electric field of the wave especially resonant ions
near the phase velocity. This ion response is always present even for high frequency modes such
as plasma waves since at the phase velocity the wave frequency is Doppler-shifted to zero. In
addition, there are modes such as ion-acoustic waves that depend on ion density oscillations and
are suppressed when the ions are treated as fixed. Allowing for mobile ions is a prerequisite, if we
seek the amplitude equation for an unstable ion-acoustic mode.

This paper can be read independently, but the reader is refer(gdfto a discussion of the
history of the problem and additional introductory material. An essential difference between our
approach and previous work lies in the choice of unperturbed state. Earlier theories assumed an
equilibrium with a neutrally stable mode and obtained ill-defined expansion coeffiéiénkhis
can be avoided by taking the weakly unstable equilibrium as the unperturbed state; a choice that
naturally leads one to work with the unstable manifold. A brief summary of our results on the
multispecies case has appeared elsewhere.

In the limit y—0*, the amplitude equation defines a kind of singular perturbation problem
whose detailed features reveal asymptotic scaling behavior of the nonlinear wave. This is a key
idea behind our approach and it can be formulated more precisely as follows. The mode eigen-

3Electronic mail: jdc@minerva.phyast.pitt.edu
PElectronic mail: anand@merlin.phyast.pitt.edu

0022-2488/98/39(9)/4546/32/$15.00 4546 © 1998 American Institute of Physics



J. Math. Phys., Vol. 39, No. 9, September 1998 J. D. Crawford and A. Jayaraman 4547

value A\=y—iw can be complexbeam-plasmaor real (two-stream, but in either case the
equations for the mode amplituddt)=p(t)e 'V have the form

p=7yp+ayp’+ap®+(p’), 1
'0=w+aip2+ asp*+(p%). (2)

Since the Vlasov equilibrium is assumed to be spatially homogeneous, the evolutjg(t) of
decouples from the phag#t). Suppose for simplicity that the coefficierdas are constantig-
noring their dependence oy), then we may viewl) as a singular perturbation problem with the
linear termyp representing the perturbation. 40, then there is always a neighborhood of the
equilibrium p=0 where the perturbation dominates the unperturbed system and can completely
change the dynamics.

As in other such singular problems, a possible strategy is to seskngula) change of
variables which transformél) into a regular perturbation problem. Thus it is natural to define a
new amplituder (7) by

p(t)=7"r(y’t) 3
and rewrite(1) in terms ofr(7)
dr
Go= 7 Ny () Y () 4

If possible, the choice 0B and § should be made so théb each term in4) is well behaved as
y—0% and (i) the effect ofy>0 is a regular perturbation of the system+at0. The latter
condition require$=1; otherwise the linear term will continue to be a singular perturbation. The
exponeniB then needs to be choséfhpossible to achieve a balance between the nonlinear terms
and the linear term. In the simplest situation, when the coefficiapta,,... have well-defined
finite limits as y— 0, then one has the expongdt 1/2 and this yields

dr
d—7=f(7)+al(7)r3+Yaz(y)r5+-.. _ 5

The unperturbed system=r +a;(0)r3 now includes the linear term and neat 0 the effect of

small y is unimportant. The change of variabl€® is singular aty=0 as expected, but never-
theless we have determined the overall scaBrgl/2 for nonlinear solutions near the equilibrium

in the regime of weak instability. In addition, since termg4at fifth order or higher are at least

of order(y), the unperturbed problem truncates to a simple balance between the linear instability
and the dominant nonlinear term.

For an unstable electrostatic wave, the situation is quite different because the nonlinear coef-
ficientsa; blow up asy—0 and the exponent=1/2 does not yield a well-behaved equation for
r(7). We attack the problem of finding a satisfactory valuegan two steps. First, we determine
what choice forB will control the singularity of the cubic coefficier#; in (1), and then we
investigate whether this choice will also remove the singularities of the higher order nonlinear
terms. Typically, the cubic coefficient diverges asymptotically like* in which case we must
chooseB=5/2 in order to obtain a finite cubic term in the rescaled amplitude equétjon

Our analysis shows that settilg=5/2 yields a theory that is finite to all orders @s-0 at
v=0 retains(rescaledl nonlinear terms that balance the linear instability. Choosing a larger
exponentB=>5/2+ ¢ would also yield a finite theory to all orders, but now the cubic term is of
order (%) and all the higher order termg%1) are of order(y?¢)); there is no balance
between the linear and nonlinear termsyat0. For e>0, the larger exponent suppresses nonlin-
ear effects too strongly. In this sense, the scaling

p(t)=y*r (yt) (6)
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is uniquely determined. Of the two steps, the second is by far the most difficult; it is relatively
straightforward to comput@, and determine its divergend&ec. ll). Verifying that a given
choice ofB works to all orders requires a detailed study of the recursion relations of the theory and
the final theorem is proved by inducti@Bec. V).

In special cases, the cubic coefficient is less singular, divergingyikeinstead ofy 4. The
limit of infinitely massive ions is the best known example of this situation, arit) iwe found that
B=2 was the scaling needed to make the nonlinear amplitude equation finite to all orders. In this
paper, we identify two additional examples where the cubic coefficient has’aingularity: if
the effects of the resonant ions are negligilea sense we make precise in Sec. I)I&@ if the
electron and ion masses are equal, i.e., for an electron-positron plasma. In the former case we
prove that the exponeit=2 is correct, but the precise value @for the electron-positron system
is not unambiguously determined due to special complications in the singularity structure of the
amplitude expansion.

B. Notation

Our model is a one-dimensional, multispecies Vlasov plasma defined by

IFS  gF® O IF® 0 .
gt VTox 1K w ™
JE e
a—xzz f, dvF S (x,0,t). (8)

Herex, t andv are measured in units aff w,, wgl andu, respectively, wher@ is a chosen
velocity scale andu§=47re2ne/me. The plasma length ik with periodic boundary conditions
and we adopt the normalization

L/2

dxfoc dUF<s>(x,u,t):(Z;ns) L, (9)

—L/2 e

wheregs=ez is the charge of speciesand «(®=qm./em,. Note that«(®=—1 for electrons
and that the normalizatio(®) for negative species makes the distribution function negative.

Let Fo(v) and f(x,v,t) denote the multicomponent fields for the equilibrium and perturba-
tion, respectively, and the matrix of mass ratios,

flsp) Flv 000
f=| f(& Fo= FSZ) K= 0 k%20 - (10

then the systeni7) and(8) can be concisely expressed as
ot =%f+ 0f 11
e +41(f), (11

where the linear operator is defined by

©

= EW e (Lf)(v), (12

0 I=0
(Lif)(v)=

—il[vfi(v)+ k- m(v)ES/fofxdv’f,(S’)(v’)] |#0, (13

with #,(v)=—4,F,/12, and the nonlinear operatot " is
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(f )= 2 gimx E ! :—(K 3fm|)2 f_w du'ffsl>(v’). (149

m=—w |=—o Jv

In the spatial Fourier expansigqii2), | denotes an integer multiple of the basic wave number
27/L, and a primed summation as {i4) omits thel=0 term. The notationx- 7,(v) or «
-d,fm— denotes matrix multiplication.

An equilibrium Fo(v) depends on parameters such as the densities or temperatures of the
various species, but this dependence will be suppressed unless it is explicitly needed.

Symmetries of the modélL1) and the equilibriunFy(v) are important qualitative features of
the problem, and play a significant role in Sec. Il when we formulate the amplitude expansions.
Spatial translationy:(X,v)—(x+a,v), and reflection,7:(x,v)—(—X,—v), act as operators
on f(x,v,t) in the usual way: ifa denotes an arbitrary transformation thenf()(x,v)
=f(a"1(x,v)) where @f )(x,v) denotes the transformed distribution function. The operat6rs
and./” commute with7, due to the spatial homogeneity Bf,, and if Fo(v) =Fy(—v), thenZ
and./" also commute with the reflection operatet. With periodic boundary conditions, is a
periodic coordinate s, and.” generate @), the symmetry group of the circle. If only the
translation symmetry is present, then the group i$20

An inner product is needed in Sec. Il to derive the amplitude equation. For two multicompo-
nent fields of &,v), e.g., B=(B®V,B(2 B3 ) andD=(D®Y,D® DI, ), we define
their inner product by

(B,D)=>, fuz dxr de(s)(x,v)*D(S)(x,v)zfuz dx(B,D), (15)
L/2 % L/2

S

where
(B,D)=2, F dvB®(x,0)*D®(x,v). (16)

C. Summary of linear theory

The spectral theory fotZ” is well established, and the needed results are simply recalled to
establish our notatiofr.’’ The eigenvalues=—ilz of .~ are determined by the roots,(z)
=0 of the "“spectral function,”

B W T
A|(Z)El+f du%. 17

If the contour in(17) is replaced by the Landau contour for B0 then we have the linear
dielectric €,(2); for Im(2>0, A(z) and ¢(z) are the same function. For $8) symmetry, the
eigenvalues are generically complex; fo2bsymmetry, when the equilibrium is also reflection-
symmetric, then real eigenvalues can occur as in a two-stream instability; see, for example, Ref.
11.

Associated with an eigenvalug=—ilz is the multicomponent eigenfunctio® (x,v)
=e'™y(v) where

(o)=— —1. (18

v—Z

There is also an associated adjoint eigenfuncﬁdm,v)=e"xl(v)/L satisfying @,\P)= 1 with

Yv)= 19

A (@*(v-2)"
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Note that all components @f(v) are the same. The normalization(itg) assumes that the root of
A,(2) is simple and is chosen so thak, /) = 1. The adjoint determines the projectionf¢k,v,t)
onto the eigenvector, and this projection defines the time-dependent amplitobeief, A(t)
=(P,f).

II. AMPLITUDE EQUATION ON THE UNSTABLE MANIFOLD

A. Unstable linear modes

The equilibriumFy(v) is assumed to support a “single” unstable mode in the following
sense. We shall assume tiat the unstable subspace féf, is two dimensional. With translation
symmetry and periodic boundary conditions, this is the simplest instability problem that can be
posed.

Henceforth, lekk denote the wave number of this unstable mode that is associated with the
root A (zp) =0 which we assume to be simple, i.4,(z,) # 0. The corresponding eigenvector is

_ ﬂ) _ 20

W (x,0)=e" *y(v)=e —

The rootzy=v,+ivy/k determines the phase velocity= w/k and the growth rate of the linear
mode as the real and imaginary parts of the eigenvalee-ikzy=vy—iw. From (17) and
A(zg) =0, we obtain

A(zo)=(17=KH)/1Z; (1)

this identity will be useful shortly.

WhenFy(v) lacks reflection symmetry, thepi, typically has a nonzero phase velocity and
is complex. In this case, the identitiés(z)=A _(z) and A (2)* =A(z*) imply three addi-
tional modes¥7y , ¥,, and¥3 where

Wo(x,0)=e"y(v)*. (22

These eigenfunctions correspond to eigenvalifes—\*, and —\, respectively, and fill out the
eigenvalue quartet characteristic of Hamiltonian systems. In the absence of reflection symmetry,
the eigenvalues are typically simple and the unstable subspace is two dimensional.
WhenFy(v) is reflection-symmetric, the eigenvalues may be either real or complex. In either
case¥; and.72- ¥; are linearly independent so the eigenvalues have multiplicity two. Bt
two dimensional only in the case of a real eigenvalue since a multiplicity-two complex conjugate
pair implies a four-dimensional unstable subspace; this latter possibility is not considered further.
The components of the distribution function along the unstable eigenvektoend V7 are
identified by writing

f(x,v,t)=[A(t)¥(x,v)+c.c]+S(x,v,1), (23

whereA(t) = (ﬁf,f ) is the mode amplitude fob and @,S) =0. In (23), the subscript o’ has

been dropped, anﬁ'=exp4kx)<7;/L is the adjoint function for, from (19).
The action of translatiorr, and reflection on f(x,v,t) implies an action by these operators
on the variables4,S). From (23) we note that7,f(x,v,t)=f(x—a,v,t) is equivalent to

Ta(A,S(x,0))=(e A, S(x—a,v)), (24)
and reflectionzf (x,v,t)=f(—x,—v,t) yields
FAA,S(X,0))=(A*,S(—Xx,—v)). (25)

When these transformations are symmetries, these relations are important for organizing the am-
plitude expansions introduced in Sec. lll.
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H(A,A%)
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FIG. 1. Schematic representation of the unstable manifold.

B. Derivation of the amplitude equation

In the (A,S) variables, the Vlasov equatidil) becomes:

A=\NA+(T, 1 (), (26)
JS . ~
—L = IS ) [T (f )W +eel, (27)
where
- -, 1 oo ,
(U, 1 (f )):—||:Z_w |—<a,,¢,,<.fk_|>2 f_mdv’fl(s (v"). (28)

In writing (26) we have used the adjoint relationshify (#S)= (. ™¥,S)=\(¥,5)=0 and in

(28) an integration by parts shifts the velocity derivative ogto These coupled equations are
equivalent ta11); however, by restricting them to the unstable manifold we obtain an autonomous
equation forA(t). This procedure is briefly summarized; a more detailed description is provided
in (1.

The unstable subspaé&#' is invariant under the linear dynamiégf = #f, but this no longer
holds once the nonlinear termg&{f ) are included. Instead we assume there is a two-dimensional
invariant surface, the unstable manifoMd', that represents the nonlinear deformatioetf The
unstable manifold is tangent &' at the equilibrium, and nedx, it can be described by a function
H(x,v,A,A*) which locates the manifold “above” the poifAW +A*¥*] in EY; the geometry
is illustrated in Fig. 1.

Thus

fUxu,t)=[A(t)¥(x,v)+c.c]+H(x,v,A(t),A* (1)) (29

represents a distribution function &". In this expression, the evolution 8fcan be determined
from H, i.e.,

HSU(x,0,A(t),A* (1))
S(xu,t)=H(x,v,A(t),A* (1)) = | H® (0, A(D),A* (1) | (30

When this representation is substituted if26) and (27) we obtain

A=NA+ (T, 1 (fY)), (31

i—f’ = SH+ I (FY) (T, (F9) T +c.c]. (32)
fU
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Note that(31) defines arautonomougwo-dimensional flow describing the self-consistent nonlin-
ear evolution of the unstable mode; this is the amplitude equation we shall study.

Certain general features of the amplitude equation follow from the transformd@dhand
(25 when these are symmetries of the Vlasov equatibl). For our problem, the amplitude
equation always has translation symme®y) and we can apply standard results on the form of
such symmetric equations. In particular, a two-dimensional vector Aielty (A,A*) that is sym-
metric with respect t?\—Ae™ k@ can be written a¥(A,A*)=Ap(o) whereo=|A|? andp(o)
is a smooth function determined froxh'? Hence we know the right hand side (&1) takes the
general form,

Ap(o)=NA+ (T, 1 (fY), (33

where the functionp(o) must be determined from the Vlasov equation. Typicglo) is
complex-valued, however, whdfy, is reflection-symmetric thep(o) is forced to be real.

C. Analysis of H(x,v,A,A*)

An equation forH follows by requiring consistency betwe€30) and(32). Equating the time
derivative of(30) with the right hand side of32) gives

oH s oH
oA T gAF

A* = SH+ 1 (f9Y—[(¥, 1 (f9) ¥ +c.c], (34)

which is to be solved foH subject to(35). Since the manifold is tangent &' at the equilibrium,
H must satisfy

oH dH
0=H(X,v,0,0)=J(X,U,O,O)=W(X,v,0,0). (395

The symmetries of the problem impose general restrictionkl drecause the unstable mani-
fold is mapped onto itself by a symmetry transformation. For a translation this invariance means
that fY(x—a,v,t) corresponds to a point on the manifold and thus can be written as,

(7 (X v)=[A¥(x—a,v)+c.c]+H(x—a,v,AA*) (36)
=[A’"¥V(x,v)+c.c]+H(x,v,A"A"*). (37

Consistency between these two expressions requires that the transformed andglitadelated
to the initial amplitudeA by A’ =e~'k3A [cf. (24)], and this implies thaH satisfies

H(x—a,v,A,A*)=H(x,v,e'@A e kaa*), (38)
If, in addition, the systeni26) and (27) has reflection symmetry, then similar reasoning yields
H(—x,—v,AA*)=H(x,v,A* ,A). (39
These general symmetry propertiestblusefully constrain the form of the Fourier expansion

. . H*Y (v, AA%)
Hx,v,AA%)= 3 e™Hi(v,AA%)= X e H%(@w,AA%) |. (40)
== = .

—o0

Applying (38) shows that the componerits must vanish unleskis an integer multiple ok and
that the nonzero components have the general form

Ho(v,A,A*)=chg(v,0), H(v,AA*)=Achy(v,0),

Hol(v,AA*)=A"h_(v,0) for m=2, (41)
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where H_=H{ . The functionsh,, are not determined by symmetry; however, if reflection
symmetry also holds, then

hp(—v,0)=hy(v,0)*. (42

The reasoning leading to these symmetry results can be briefly outlined. The translation
symmetry(38) requires

e "2H,(v,A,A*)=H,(v,Ae ¥ A*elk?), (43

By choosinga=2/k, this implies we findH,=0 unless exp(zi(I/k))=1, hence the nonzero
components satisfiy=mk for integerm. Now recall that a functioG(v,A,A*) which is invariant
underA—Ae k@ has the formG(v,A,A*)=g(v,0) where o=|A|? andg(v,o) is a smooth
function determined b¥. The relation in(43) implies thatG(v,A,A*)=(A*)"H,(v,A,A*) is
such an invariant function. The factoAt)™ in G requires that the correspondiggv,o) contain
an overall factor ofc™; hence we se§(v,o)=0c"h(v,o). The resulting expressionAt)™H
=0"h(v,o), then impliesH,,,=A™h(v,o). This general form, together with the requirement
(35), leads to general expressions for the Fourier componerits iaf (41).

D. Equations for p(eo) and h,(v,o)

The calculation of the amplitude equatid®l) reduces to a determination of the function
p(o) in (33); this requires the evaluation off(./ (f¥)) from (28) and involves the Fourier
components of"

=[A¢(v) 8 +A* Y(v)* & _]+Hi(v,AAY). (44)

Combining(28) with (41) and (44) yields
~ —iA r, .
(1) = —— |<a o (ho=ha))+ —= (9, k- §*)

F
o T1(3, ¥,k ho)— F<5¢Kh2>+ <3</”<h>__<¢91ﬁ'< hs)

* | 2
|=Es I—[F|<(9 ¢K h ) O'F <‘7u"zi’<'hl+1>] . (45

In this expression, sum over the velocity integralshf;ﬁ is denoted by

rm(a)szs fwdvhg?(v,a). (46)

Now comparing(33) and (45) provides the desired expression for

(3,8, k- No)=T5(d,,x-hy)

p(o)= 7\——{@ Y- (hg—hy))+ <f9 o)t

oo
O_IZ

F
<a A3 h*>——<a ¥,k hg) +E — (00,0 hiq)

—UFWU%K-hm)]}- (47)
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This expression fop involves the function$,(v,o) which defineH. The equations that
determineh,(v,o) follow from the general equation fdd in (34). In presenting these relations
we shall use”’, , the orthogonal projection defined by the unstable mode.Latenote the
projection operator ontg/(v) of a multicomponent functiog(v),

(79)(0)=(4,9)¥(v), (48)
with the orthogonal projectio’, =1 -2 given by
(719)(v)=9(v) — ¥(v)(¥9). (49)

With the previous expression fol{,./ (f!)) in (45) and the notation it{41) for the Fourier
components oH, the components df34) take the form:

(p+p*)| ho+ Mol 16 o* +o(hf =yl +a?hiT +§, ﬁh*r —c.c
p+rp 0TI I Tk X o(Ng 1‘711|=2|||--1
(50)
dh
[(Zp_’_p*)hl_(l—khl)"'(p"—p*)a'(g_a_l}
i 9 1 . . 1., 1 N
=E;’/>L£K' ho_h2+ El,// F2+O' horl_h2F1f+§h1F2_§h3r2
2 g2
+2, o hisali—oh Iy, (51)
20hy— Loty + (p+ p*)or 2
phy—Lokha+(p p)Uaa
1 1 .
:Ra {/I+(T hl+{/IF1_h3+ Ehon‘i‘ §{/f Fg
2 * 1 * 1 * * 2 *
o hlrl_h3F1_§h4F2+§h1F3 sr +2 ——[h{_,I—o?h T ],
(52
and
. dhgl i a W "2 hp
mphn_Lmkhm+(p+p )U% :E% hm 1+ 1Fm 1+E _| F|+0' hm 1F1
hy ho ¥ 2 * 1
—hpygt _1Fm 1+ amma,+ +1Fm+l to _hm+1rl+mrm+1
* O_Ifm * 0'|
+|:%+2 T f-mfl—lgz I—hm+|F|"} (53

for m=0,1,2, andm>2, respectively.
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Together with (47) these component equations determine the functipis) and
{hm(o)}m=0o; however, they cannot be solved except using the expansions introduced in the next
section. From a practical standpoint, we have achieved a reduction of the problem to the analysis
of functions of asingle real variable, i.e.o. In the study of the amplitude equatid81) this
reduction represents a very useful simplification.

lll. EXPANSIONS, RECURSION RELATIONS, AND PINCHING SINGULARITIES

The amplitude equation on the unstable manifold,
A=Ap(a), (54

is analyzed by expressingo), hy(v,0), andl' (o) as power series io:

p(o)=j§0 pjo’, hm<v,a>=20 hmj(v) 0, rm<a>=gorm,,-ai. (55)

wherel' ;= fdv=h’(v).

The coefficientsp; andh,, j(v) are calculated by recursively solvirig7) and (50—(53). A
recursion relation fop; follows from (47) by inserting the expansions above and solving at each
order ing; this calculation yields

Po=A\, (56)

i ] :
pj=E[.,zé5j+.,%’j] for j=1, (57

where

j—2

== (9, (hoj_1=hgj 1)) = <f7 [ ST 2 [(3, .1 Noj— 1)y,
— (9, .k hp1_)TT)], (59

i-2 !
1 . | -
__I:Eo §<3v¢aK'hf,j—|—z>F2,l+ E: [ = |:Lllm (dpthik- Ny )

*
Jlm

-

(9,9, k- hj_j1)-m)

] (59

Here and below, a summation is understood to be omitted if the lower limit exceeds the upper
limit. This organization of the terms i(68) and (59) will turn out to distinguish to different
singular behaviors:#;~y~ G~ and 7~ y~(172),

The corresponding relations for, ;(v) are determined similarly by applying the expansions
(55) to the general equatioriS0)—(53); the resulting equations are solved fgg;(v). Our results
are conveniently stated in terms of the resolvent opeRow)=(w—L,) ! and certain auxiliary
functionsl ,, ;(v) whose detailed expressions are provided below.rfrer0, hy; is simply

loj(v)

ho,(v)= FESIGEEGE (60)

and the coefficientd,; for m>0 require the resolvent

hm,j(v):Rmk(Wm,j)lm,j (61)

with the complex numbere,, ; defined by
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Wi j=(j + Sm D) (N+X*) +MN=2(j + 8y 1) Y+ MA. (62

A general expression foR(w) follows from (13) by solving w—L,)f=g for f.2%'3 Here
bothg(v)=(g®Y(v),g‘*?(v),...) andf are multicomponent fields, aril(w) acts by

(Ri(w)g)=V(v)
Ri(w)g= (RI(W)Q)(SZ)(U) : (63
where
. 1 . K(S>,7(S) m , g(s )(vr)
(Ri(w)g)®(v)= (o —iwil) g’ )(U)_Wg' ﬂodv ST —iwil (64)

Note the following significant feature: the arguments ; of the resolvent in61) determine
polesof hy, ;(v) located at =z, ; wherez,, ;=iw, ;/mk Form=1, these poles always fall in
the upper half-plane above the phase velogiy

i ydm i iy(1+dp;
Zm,j:ZO+ ykm’J :Up+ Y( k m’l), (65)
wheredp, ;=2(j + 6y 1)/m.
A. Recursion relations for 1/, ;
The auxiliary functiond y;(v) are defined by
oo(v)———K (* =) (66)

for j=0, and forj=1

ji—2
hlj 1 ’ﬁl—‘] 1+2 hlnrlj n—-2

i-1 9
IOJ(U)_ 2 (1+n) (pj n+p] n)hOn(U)+k(9 {

i1 n *

h:
+2 2 .J*n+l,l an+l,nl}_c-cl- (67)

A-ofi=o0 J—n+1

For m=1, the functiond 1 ;(v) are given by

ji—1
0 1
l1j(v)=— E [(2+n)pj_,+(1+n)pi n]h1n+k /l [ho,j_hz,j+§¢*rz,j

* 1 * 1 *
+n§=‘40 honl'1j-n-1=h2nl'Tj_n_1t Ehl,nI‘Z,jfnfl_ §h3,nF2,jfnfl

B S 5

J—n+2

—-n+2m r* - H (68)

]—n+l ] n+1ln—-m

The notation”, g(v) was defined if49): 7, g(v)=g(v) — ¥(v){(¥.9).
Form=2 the functiond ,;(v) are given by

i 9
Iz,o(v)=|E5K-¢f (69

for j=0, and forj=1
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-1 .
0 1
l2(v)=— E [(2+n)pj_n+tnp_,]hon+ K70 '[hl,j—1+¢/rl,j—1_h3,j—1+ §l/f*F3,j—1

i-1 j-2
1
honl'2j—n-17+ nZO {hl,nrl,jnz_ hanl'Tj 02— §h4,nF§,j—n—2

1 " h¥ 2
j—n,m 5n
+§h’1c,nr3,j—n—2+mE:0 j_n+2Fj—n+2,n—m}_nzo ? ;,j—n—3

L
B D N LY (70)

For m>2, the functiond , j(v) are given by

_ - "
I, (v)= E [(m+n)p;_n+np;- n]hmn<v>+E(7 A1+ =Ty

m—2 ] ¢* =

Z Z jon—Nmygjat mrm+1,j1+nzo[hml,nrl,jnl

hy, ho 1

_nlrm 1j—n— 1+t — m mJ n-1 +2 [ m+1nF11 n— 2+ +nlrm+1,j—n—2

n *

hoyio
] n,l m+j—n,l .
2 i+m—n J+mn,n|_j_—nrj*n,nl> ]v (7D

in this last expression, if a subscript is negative the term is understood to be omitted, €jg., for
:0, hm+ 1j-1 |S Om'tted

B. Useful identities

The relationg57), (60) and(61), and(66)—(71) can be applied systematically to calculate
andh,, ; to any order. The leading coefficiep§ is determined by linear theor6) and from the
linear eigenfunctiony one can also calculate, o andh;, o, c.f. (66) and(69), respectively. These
two coefficients then suffice to calculgpg from (57). From{p;,hg,h, o}, the coefficients, o
andhz o can be determined and théw ; andh, ;. This provides the input to calculaf®, and
from this point on the structure of the calculation to all orders falls into the simple pattern
summarized in Table I.

For the remainder of the paper, our analysis of the expan&bnis facilitated by several
identities which we summarize here. These relations allow ,hy,;, and certain important
integrals to be obtained very simply from the auxiliary functiops .

If m=0 we note that60) and(66) and(67) imply I'y;=0. Form> 0, by substituting61) into

=[dv=:h(), and rearranging, we obtain

—i/mk = 1&(v)
rmfh—————ﬁjf dv —
. |

Amk(zm,j) s U—Znyj

(m>0). (72

With (72) for ', ;, the general form foh, ; in (61) can be reexpressed as

__l) Im,j(v) _( K* Mmk

MK/ v—=2Zy; \v—Zny)

hm,j(v):

)rmj(m>oy (73)

In this wayI'y, ; andhp,; are written explicitly in terms of , ;.

The coefficientp; depend on integrals of the for(wvl,x- hm;j),» and it is helpful to express
these integrals directly in terms of, ; also. From(60) we obtain the identity
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TABLE I. Order of calculation oh,, ;(v) andp; from #(v). The flow of calculation of thé, ;(v) is indicated by moving

downward. Fromy(v), hgo andh,, can be calculated and thgn determined;h; o andh; are calculated next from
{p1.hoo.h2 g and therh, ; andh, ; can be evaluated. This then determipgs and so forth. Foj;=>2, P, requires prior

calculation ofhy,; for 0sm=j;+1 and O<j<j;—m+1—2(5mot Sm1)-

m=0 m=1 m=2 m=3 m=4 m=5 m=6
Po #(v)
P1 hoo - h2o
hio hso
P2 ho,1 ha1
hia a0
P3 ho.2 hz2 hss
hi2 hso
P4 hos ha3 hs, hsy
hys heo
Ps ho.4 h24 hs3 a2 hs 1
o ()] (s)
<<7u~‘//,K'h0j>:-;/J’ dv ESK—IO';!; (74
O 2y(1+))A(Z9) J-= (v—29)
similarly, by integrating(73) we find
<(9 ’17/ h > ( —i )fx d 2SK(S)IE:IS,)j ( 1—‘m,j )fw d ES(K(S))ZW&SL
K- )=\ =V —— 1% - v .
0 ml mMKkA(Z) | J —= (U_ZO)Z(U_Zm,j) A (29)) J-= (U_ZO)Z(U_Zm,j)

(79

C. Analysis of the cubic coefficient

It is instructive at this point to evaluate and examine the cubic coeffigiem detail. This
coefficient illustrates the occurrence of pinching singularities and the procedures needed to evalu-
ate such singular integrals.

From (57) we have

i ~ I'20, ~
P1=—1 <f9v¢:'<‘(ho,o_h2,o)>+T<f9v¢-'<'¢*>} (76)

sohgo(v), hyo(v) andI', o are needed to calculapy . From (60) and (66) we have

h _ 19 K2 7 7
0dv)= k? dv (v—29)(v—25)] 77
where k? denotes the square of the mass matrix. F(@), (69) and(72) we obtain
2 (= Ik
Loz | CEEALES 79
and inserting69) into (73) yields
1 [k-dy¢p) TDaof k-
hZ'O(U)_W<—U_ZO)—T m—t (79

Here we have made the substitutign,= /4.
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We are concerned with the form of the various integralg4inin the asymptotic regime of
small growth ratey—0". The behavior of these integrals is determined by any complex singu-
larities of the integrand that approach the real velocity axig-as0™. We shall always assume
that whatever complex analytic structure characterizgshere are never any singularities that
move to the real axis in this limit and therefore the singularitieg,jcan be regarded as irrelevant
in analyzing a given integral.

The singularities of interest are associated with the explicit poles in the denominator of a
given integrand. For exampl€; o has a third-order pole at=z, which approaches the real axis
from above asy—07. In this case, there are no corresponding poles in the lower half-plane, and
consequently no pinching singularity develops; therelogg has a finite limit as the growth rate
goes to zero. Similarly, we see by inspection thay has a third-order pole at=z, and conse-

guently the integrand o(f(?vﬂf,x- h, ¢ has a fifth-order pole at=z,. However, again there is no
pinching singularity and this integral also has a finite limityas 0™

The remaining integralgd, ¥, k- * ) and<(9v'!7/,K'hOY0>, are more interesting. The simplest
example is(d,¥,«- *) whose integrand has a double polevatz, and a simple pole at
=z

(80)

N = du(k? )
(0T gy = J7 v(K 7y

1
A(2z0) = (V=20)°(v—25)"
As y—0%, these poles approach the real axis from above and below; this creates a pinching
singularity and the integral has a singular limit. We analyze this integral in two steps that can be
applied to all such singular integrals: a partial fraction expansion extracts the singularity and the
dispersion relation is applied to eliminate integrals over the electron distribution function. The
motivation for the second step is to incorporate the one relation between the different distribution
functions and to expose the effect of treating the ions as mobile.

The partial fraction expansion of the integrand yields

(ik) 1
REZRCE o

1 1
v—2z5 UV—Zo

e
(v-2)%(v-25) |27

so that our integral becomes

2 J’j’ dv(k?- ) ( Ik)

s @ (v—ZO)Z(v—ZO

Ef dv (&2 70 do (™ J: do(x®: 7"

U— ZO s vV—2Zy
dv (&2 7)®
( )Ef T-2)7 (62

On the right hand side of this expression all the integrals are free of pinching singularities and
therefore have finite limits ag— 0. The singularities of the original integral are now explicitly
shown in the factorsy 2 andy L.

The dispersion relation for the unstable matigz,) =0 implies the identities

F nf(e)(v)_HF 297 ()

_wdl) v—24 _wdv U_—ZO, (83)
(e) * () (s)
= o () 2 (v)
[ R B = (89

where we have used®=—1 and the primed sum indicates that the electron term is omitted.
Substitution of(83) and (84) for the electron integrals i{82) yields

= =]

s ) (v—20)%(v—2%) |2y

dv 7](5)

—2i> "k®(1+«¥)Im J
S _

o U2y
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k
"2y

Combining this with(80) we conclude thatd, s, k- * ) typically diverges likey~2 in the small
growth rate limit. There are exceptions, however; for example, in the limit of fixed iefds,
—0 for s#e, then we are left with

= do(k? ) ik
s ”(—"k)*e(;—y)wzo), (86)

s % (U_ZO)Z(U_ZO)

dv 77f<s)

—w (V—20)*

(85

AL(zO)+§ KL=k |

and the divergence is merely L.

We treat the remaining integré.l?l,:/;,m ho in the same fashion. This integrand now has a
fourth-order pole ab =z, and a simple pole at=2z§ :

- 2 = do(k® g0)®
A, k-hgo)=— —5——— —_—. 8
(o Pod =~ @iy % ). o=z w—28) &7
Again we make a partial fraction expansion
1 _(|k> 1 1 (ik)3 1 (ik)2 1
(v—20)4(v—23)_ 2y) lv—2z§ v—129 2y (v—20)% \2y] (v—20)°
ik 1 88
2_?’ (v—29)" ®9
and eliminate the electron integrals to find
dov(k>- 7]k) (ik 4 ) , o dvﬂ(ks)
_ + (8)(1 _ ,.(s)2 J
EJ (v—2z0)*(v— Zo) 2y 2'2 (1= )Im —w U— 2
ik\3 = dony
4 — — A/ + P81 — (92 "
(27) Alzo) Es: (1= —w (V—20)?
ik\q  Al(zo) dv 7
+—] | = + " (9 (1 = (92
( 7) 2 2S x (l o ) —o (U Zo)
ik A (2o) dv 7
N ) 4 (s) (s)2
+( y) 5 +§ (1—« )f =20 7| (89

Thus for(d,¢,x-hg o the typical divergence iy~ *
Combining these results with; in (76), we obtain the asymptotic form of the cubic coeffi-
cient asy—0~

1
p1:7[01( y)—ydi(9) + (YD), (90)

wherec, andd; are nonsingular functions of defined by

k , =
= — (8)(1 — (92
cu(y) 4A,Q(zo)25 k91—« )Im(f_mdv _ZO), (91)
1 1 2 92 . (S)
d(V=7" 7171 70 2 ®(1-« )J v =202 Z) (92)
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this result was briefly presented without derivation in an earlier papénen the leading term is
nonzero aty=0 [i.e., ¢;(0)#0], then p, diverges likey * as a result of the divergence in
<O7vltb!K' h0,0>'

The significance of this result is best understood in light of our earlier discussion of scaling
the amplitudeA(t) to obtain an amplitude equation free of singular features at small growth rates.
With our expression fop,, the amplitude equation for the unstable mode is

. c1(0)+
A=A )\"‘M‘AZ"‘pz(’)’)‘AA"F"' , (93)
which we rewrite using polar variables=pe™'? as
: 1 ) 3 5
p=yp+ 7[Re(01(0))+0(7)]p +Re(pa)p >+, (99
. 1 _ 5 4
0=w—7[lm(cl(0))+ﬂ’(7)]p —Im(pp)p™+---. (95

Now we introduce a scaled amplitugt) = v#r (yt) following (3) and anticipate thab=1 is
required to remove the singular effect of the linear term:

dr Y21

g7 ="+ o [REC(0) + (7]t + ¥4t Relpy)r®+ -+ (96
. ’)/2‘3
0= 0= T lIm(ey(0) + (NI Im(p)r - (97

The exponeng should be chosen so that the nonlinear coefficients have finite limijs-a8*.

The most stringent requirements gnarise from the coefficients in theér/d equation, and the
cubic term requires 2=5 to absorb they * singularity. Setting8=5/2 suffices to cancel the
singularities inp; and allow the cubic nonlinearity to formally balance with the linear term at
small y:

dr
g =" +[Re(€1(0)+ Z(7)]r¥+y° Re(pp)r®+--- , (98
0=w—y[Im(c1(0))+ () Ir?— ¥y Im(p)r*+--- . (99)

This choice forg assumes that Re(0))#0 and that the singularities at fifttand higher
order are also removed by the same scaling that absorbs the cubic singularity. Typically the
condition Re¢,(0))#0 is satisfied, but there are interesting exceptions and they are discussed next.
The adequacy of th8=5/2 scaling in controlling higher-order singularities is studied in Sec. IV.

D. Special cases: ¢4(0)=0

Evaluatingc,(0) asy—0™ yields

c1(0)= > K9(1- k%) 5 (v,(0)), (100

CAAL(v,+i0) S

wherev ,(0) denotes the linear phase velocity at zero growth rate. Since the first fadta¥/\;)
cannot vanish, the special casg0)=0 will only arise if the species surfwhich excludes the
electron$ vanishes. By carefully adjusting the parameters of a given model, one can presumably
arrange for exact cancellations between different terms in this sum, but there is little motivation to
study such artificial situations.

However, there are three natural circumstances in wbj¢d)=0 because every term in the
sum vanishes independently, and the cubic coefficient is clearly less singular:
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(a) Infinitely massive ionsx(®=0 for all s+e.
(b) Zero slope for the resonant iongf (v ,(0))=0 for all s#e.
(c) An electron-positron plasma(P?=1 for positrons.

In all three cases, the cubic coefficient has the asymptotic form

1
P1=— ?[d1(0)+@*( Y] (101

with d4(0) given by the full formulg92) for the second case anid(0)=1/4 in the first and third
cases.

In the rescaled equatiqi®6), this weakened singularity requires only thg@24, and setting
B=2 yields

dr
3= +[Re(d1(0)+A()]r¥+y" Re(p)r®+-- , (102
0=w—[Im(d1(0))+ () Ir2— 8 Im(py)ri+--- . (103

In (1), we have shown that the expongdt=2 suffices to absorb the singularities ({h02) and
(103) to all orders for a plasma with fixed ions; this exponent corresponds to the relatively familiar
trapping scaling for the electric field of an unstable mode. In Sec. V, we provide a new proof of
this result and also establish the same conclusion for the(basgere each ion distribution is flat
at the phase velocityn(ks)(vp)zo for all s#e. This will occur, for example, if the ions are
sufficiently cold and do not populate the resonant region in velocity space. On the other hand,
when there is an exact reflection symmeiy(v) =Fy(—v), we can have an unstable mode with
vp,=0 and 77(;)(0):0 holds even though the ion distribution function is nonzero a. This
latter situation arises for instabilities of reflection-symmetric equilibria due to real eigenvalues,
e.g., a reflection-symmetric two-stream instability.

Our understanding of the third example, an electron-positron plasma, is less complete. In Sec.
V B we obtain by explicit calculation Rp§)~7 8 so the rescaled fifth-order term (h02) remains
singular unlesg3=9/4. However, the singularity structure of the full expansion is more compli-
cated and we have not determined the effects of singularities at higher order.

IV. SINGULARITY STRUCTURE OF THE EXPANSION

Our goal is a systematic analysis of the singularitiesppfto all orders in the amplitude
equation(54). The detailed calculation op; rapidly becomes prohibitively laborious, but the
recursion relationg57)—(59) determining the higher order coefficients in terms of lower order
quantities(cf. Table ) can be analyzed to determine the propertieg;of This study requires an
accurate estimate of the pinching singularities in the integrals fourg .irFor this purpose we
introduce an “index” which allows the divergence of a given integral to be assessed by a simple
counting procedure. As in our discussion of the cubic coefficient, we assume the analytic singu-
larities of F do not affect the divergence behavior; the precise assumptiér @ngiven in(108)
below.

A. Definition of the index

At every order in the expansion, the pinching singularities have a common structure. For
>0, define

1

(v—a)(v—az) (v—an)’

Dy (a,v)= (104

wherea=(ay,...,a,) and also defin®q(a,v)=1. Evaluatingp; for j=1 involves integrands of
the form
(s)

, , )
-%v):Dm(ﬁ,w*Dn(a,v)g (K™ — 5 (105
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with m+n=1, m’=1 andg=0. The poles in“(v) may be written as

a;=zp+iyvilk, j=1,..n, (106
] ]

Bf=z5—iyilk, j=1,...m; (107)

since they always lie along the vertical line Re€v,(7). The specific pole locations are given by
the numbers;=0 and{;=0 which vary depending on the integral. In all cases, these numbers
are independent df,; in particulary; and¢; are independent of.

The complex-analytic singularities &, are assumed to be unimportant for the amplitude
expansions in the following sense. For amy 1 andg=0, we assume that

FLPNC)
lim
y—0*

<o (108

Jicdan(a,v)

v

holds for each species and arbitrary choicesoin (106). For example, it is sufficient for each
distribution functioans)(u) to be analytic on a neighborhood ©f(0), thelinear phase velocity
at zero growth rate; in this case the limit (208 can be evaluated by the Plemej formulas for
Cauchy integral$?

Theindexof “(v) in (109 is defined by

Ind “]=m+n+q—1, (209

and Ind.£]=0 since we assume+n=1. For example, fory in (20), the integrand ol in
(78) and the integrand ofd, s, x- ¢*) in (80), we obtain the indices

Es( K- 77k)($) ES( K% 7lk)(s)
(8) /(8 | = I LGN s
2 } o '”Q{ > M —20-27)

Ind
s (U_ZO)3

=2. (110

If mn=0, our assumptiol08) ensures thafdv (v) is nonsingular, but whemn=+0, then
as y—0*, the integral of develops a pinching singularity at the phase velooity0). The
index of ¢ estimates the worst possible divergence di ¢ due to this singularity.

Lemma IV.1: For4{(v) in (105 with mn# 0, the integral of ¢ satisfies

lim 4’ f dvA(v)| <o (111
y—0* o
with J=Ind[ . However, if
2 KL= D™ ()™ (05(0)) =0, (112

then the integral of¢ is less singular and111) holds with J=Ind[ ¢]—1. In (112) the prime on
the summation indicates that the sum omits the electron species.

Proof: By integrating by partsy times we can reduce to the case wik-0. With q=0,
consider the simplest possibility+n=2, and make a partial fraction expansion of the integrand

f = Sk p¥ (—ikly)

_ f S (k)M (S f S(kS)™ pf®
LY (v—a)(v—B%) (2+v1+{y)

' (v—ay) el (0= BY)

(113

The integrals on the right are nonsingular with limitsyat 0 given by the Plemej formula
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lim
y—o0t

s K(S))m (S) © s K(S))m’ (s)
f dv ( _f d s( m

T way 0T -8

=271 2, (k)™ 79 (v,(0)).
(114

From the limity— 0™ of the dispersion relation ,(z,) =0, we obtair= (K(S))ﬂ(s)(v (0))=0 for
the imaginary part. Since®= — 1, this can be rewritten ag(®) =3’ («®) n(s)(vp(O)) andused
to eliminate7{® from (114):

s (K(S) D (K(S) 77(5)
li d dv
o [t WA
K2\« ,
=2 |—2)§ KIL(=1)™ + (&)™ 17 (05(0)). (115

This proves the lemma fan+n=2. It is important that the limit i(115) is independent of the
parameters/; and ¢, that locate the polea; and 8, for y>0.

For integrals withm+n>2, by expanding the integrand in partial fractions, they can be
reexpressed in terms of integrals with+ n— 1 multiplied by a factor ofy~ . A simple induction
argument then establishés1l) for generalmn+0. (Recall that ifmn=0 then the integrals are
nonsingula.

The general significance of the condition(itil2) becomes clear from the form of the partial
fraction expansion. For example, consider the expansionnfion)=(2,1):

fw ] SN (=ikly) f (k)™ ¥
C—anw—a)w—pg7) Qtnti) o’ —a)-ay)

B (—ik/y)?
(2+v1+8)(2+ v+ Eq)

o ES(K(S))”" 77|(S>
[ a2

(v—ayp)

% s (K<S))m’ (s)
- J e (116)

I Py

The second term is the dominant singularity? and aty=0 the bracketed integrals yield the
same factor obtained previously {f#15. When this factor is zero, the singularity of thm,n)
=(2,1) integral is reduced from 2 to 1.

In the partial fraction expansion of the general case, the most singular terms that diverge
according to(111) will always be proportional to the difference of two nonsingular integrals:

o S (k)M o S (k)M 9
f s Yi _f d s i (117

LY T Y T

whose limit aty=0 is given by(115. Thus when this limit is zero, the singularity of the term
must drop by 1. This proves the second part of the lemma. [l

The exceptional situation defined by the condition(1d2) is a generalization of the feature
noted previously in our analysis of the cubic coefficient. Settimg=3 in (112 yields ¢,(0)
=0 from (100); the special circumstance that corresponded to a less singular integral at third
order.

Our application of Lemma V.1 to the recursion relations fgr; requires generalization of
the index to allow for sums of functions with well-defined indices and products with singular
functions ofy. In each case, the generalized index is defined so thatl#@) remains true, i.e.,
the index for the composite function gives thaximalpossible divergence of its integral.

First, if Z5(v) and %5(v) have indices satisfying Ind”;]=Ind[ 5] then we define the
index of the sum to be the larger index:
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Ind[ £1+ %,]=Ind ;1. (118

Clearly, Ind £, ] gives the maximal possible divergencefafv (¢;+ %5). Second, ifg(vy) is a
function of y with the asymptotic behaviog(y)~ vy~ " as y—0", then we define the index of
a(y) ¥ (v) to be

Ind[q %)= Ind[ <]+ ». (119

Estimates of the forng111) still hold for q¢ with J=Ind[ q:¢]. This completes the definition of
the index.

By applying (118 and(119), the indices ofl ,,; andh,,; may be determined. For example,
from (66) and (69) we have the indices

Ind

Zs k@1 =1, |nc{§ K<S)|(25’())}:l, (120
and from(77) and (79)

Ind

> «Oh =2, |na{2 K<S>h<;g)}:2. (12D

S S

The index forh% is correct provided',, does not diverge more strongly than 2. We can
confirm this immediately from the index i{110); in fact, I', 5 is nonsingular, as noted already in
Sec. llI C. In Sec. IV B, these indices are applied to determine the singularity .ofWe stress
again that when applied to a composite functiétv) the estimate if111) does not necessarily
determine the true singularity, but only an upper bound on the possible divergence of the integral.
There are several immediate consequences of the index definition worth stating. First, com-
plex conjugation does not alter the index, [If\d = Ind[ £* ]; second, ifG(v) has a well-defined
index, then dividingG by (v—«) or (v—B*) simply increases the index @& by one:

Ind 7(v— a)]=Ind[ 1 (v — B*)]=Ind[ £]+ 1. (122

Here o, 8 are defined as i(106) and(107) and thereby increase the index of every ternGiry
one; this implies(122). Finally, from (105, differentiating ¢ also raises the index by one,
Ind[ 9, %=1+ Ind <.

B. Analysis of p, using the index

The above relations along with recursion relations determine the indidgs; @ndh, ; to all
orders. This information permits an estimate of the singularities of the coeffipefis j=1. In
practice, this must be done recursively following the organization of the amplitude expansions in
Table I. The procedure is illustrated here for the first level of Table I; more general results on the
index to all orders are provided in Secs. IV C and V.

Table | begins withy, hg o and h, o whose indices were evaluated ({010 and (121). From
this information, we can estimate the integrals required to evalpata (76). The integrand of
(3,9, k- ¢*) has index 2, and the integrands(@f, i, x- ho o and(d,#,x-h, ¢ have index 4. In
each case, the fact@gfp(s)* increases the index by two from the values obtainedlit0) and
(122). Now Lemma IV.1 tells us thatd, s, «- 4* ) cannot diverge more strongly than 2, and
(9,9, ko) and(d, ¢, «-h, o cannot diverge more strongly tham *.

These conclusions imply that the singularitymf cannot be worse thap™4; this was found
in Sec. 1l C by an explicit calculation gb;. The explicit evaluation, of course, provided the
important additional result that thg™“ singularity actually occurs unless one of the exceptional
cases corresponding tq(0)=0 is considered. The foregoing index analysis is easier but yields
less complete information.

C. The main result

The main result on the singularity structure of the amplitude expansions can now be proved.
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Theorem IV.1: For j=1, the coefficients in the expansion of the amplitude equdafidh
satisfy

lim %71 p;|<ee. (123

y—0*

Let Jp, ;=(2m+5] —3)+ 48,0+ 531, then for =0, m=0 and =0, the indices of §; and
h(), obey

Ind

> (K<S>)m’|§§?j}s3m,j . (124
S

Ind

ES (K(S))m’hgﬁ?j}ﬁ\]m'j-i-l, (125

and the integrals in72) and (75) satisfy

lim P mi T ] <oe, (126)
y—0*
lim oy 'mi 37 omal (9,3, i iy )| <00 (127)

y—0t

In addition, integrals over(fj)(v) satisfy

lim ,leJ-+n—1

y—0"

J dvDp(,0) 2 (k)™I5()] <o (128

for n=1 where D,(a,v) is defined i(104) with upper half-plane polea=(a1,a,,...,a,) of the
form (106) but otherwise arbitrary.

The relations in(124)—(128) are of interest chiefly for their utility in provingl23. We are
able to prove(124) and (125 as upper bounds, but we expect them to hold as equalities in most
cases. Fom=1, the bounds if126) and(127) give stronger estimates on the integrals than one
would obtain simply from the index of the integrand calculated usiityh) and(125. Similarly,
the bounds (128 are needed because they provide sharper estimates fortecase than are
available using the index informatidi24) and (125 alone.

Even thoughh,; and h’l"j have the same index, it is very important to recognize that the
conclusion in(127) may not hold fox(d, ¥, - hi;). The most singular terms iV, 0, K - h,;) are
not in general the most singular terms &y i, x-h3,); for (d,%,x-h;), if we wish to avoid
explicitly evaluating the integral, our only means of estimating the divergence is by calculating the
index of the integrand froni125).

Proof: (1) The proof is by induction using the organization of Table I. In Secs. IV A and IV B,
the relations iN123—(127) have been explicitly verified folr o, 15,0, hoo, N20, 00, I'20, @and
p;. This proves the theorem for the first level of Table I, but does not establish the validity of
(128 for the initial casej=0 which enters in the second level of Table I. By substituting the
recursion relatior(68) for 1, o into (128 we obtain
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f”J doDp(@,v) 2 (<)™15(v)
e S

= 73“‘(%) fwxdan(a,v)é’v( K-

4 73+n('§) < 0U~¢',K'

1
hoo—hz ot > * 1“2,0} )

1 o
hoo—h2ot El/f*rz,ob fﬁxdan(a,v)w(v). (129

On the right hand side, the index of the first integrandnis-8) so the factor ofy" "2 ensures a
finite limit. In the second term, the integral ovBr,i is nonsingular since all poles are in the
upper half-plane, but the coefficiemvT//,K-[hovo— h, ot 39* 20]) diverges likey * (cf. Sec.
[I1C). Thus forn=1 the second term will also have a finite limit; this verifid28) for I o.

(2) The relationg123)—(128) are extended by induction to all coefficietts;, hy,;, andp;
using the recursion relatiori§7)—(59) and(66)—(71). Assume tha123—(128) are valid down to
some arbitrary level of Table I, and consider what the recursion relations imply for the coefficients
evaluated at the next level. We usm(,j1) to denote subscripts of coefficients suchlagjl,

hml,jl and P, that are to be evaluated from lower order quantities assumed to Ja&sy-(128).

The induction argument has three parts. First, we show that the prop@2i®s-(127) must
hold for hy, ; andl'y ; if Iy, ; satisfies two relations, namely the index identitp4)

Ind

S

> <K<S>>m’|£ﬁi,n}$3ml,jf (130
and them;=1 estimatg(128

lim ’)/le11+ n—-1

y—0*

f dvDp(a,0) 2 (9™ I (v)]<o0, (131

In the second part of the proof, we verify thdB30) and(131) do hold forl, ; . Finally, in the
third part of the proof, we verify thatl25—(127) imply (123 for pj,- It is important to note from
Table | that the quantitiebmlyjl depend onp; for j<j,, but are independent qjj1 so the
reasoning is not circular.

(3) (Part 1): Suppose that130) and (131) hold, then the three relationd25—(127) are
easily obtained as follows. First, considd@26) which holds trivially form;=0 sincel’o; =0.
Form;=2, (126 follows from (130) and the identity(72). For m;=1, we have to allow for the
fact thatAk(zlyjl)~y as y—0%, and apply(131) to estimate the integral iG72). Next (125
follows by applying (130 and (126) to the identity (73). Each term in(73) separately has a
maximum index of Jr, ; +1) so this must bound the index of the sum.

Finally consider(127). For m, # 1, this relation follows from(125), and form;=1 we evalu-
ate (127 using the identity in(73):

~ . i -
fuﬁ%%wxhu9=—f“%&%%¢“*nJ@—hn»
— y5j1+61_'1,j l<(9v'1~ﬁ,l<2~ ! (v— 2111'1)>' (132

The first term on the right is nonsingular by virtue (431), and the second term is also nonsin-
gular by virtue of(126).

(4) (Part 2): Thus the crux of the matter is to veriffd30 and (131) from the recursion
relations forl Eﬁi'jl' i.e., from(66)—(71). In this step, we assum@23—(128) apply to the quan-
tities appearing on the right hand side of these recursion relations, then the propgiig® snd
(131) are verified term by term.
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Verification of(130—the index of by iy The index of each term on the right hand side of the
recursion relations forﬁjiyjl(v) can be evaluated by applyind23—(127); this exercise shows
that all of these terms have an index less than or equ]ahl‘ltg»l which establishe&130) for Ifji’jl.

A few examples from(68), the recursion relation fornf;,j;)=(1,j;), illustrate these index
calculations; note that in these exampleg =5j;+4.

(@) The terms in(68) that depend orp; have the form((2+n)p;, ,+(1+n)pf _,]h{);
from (125 we have

Ind

ZS (K(S))m,h(f%}g\]lyn-i- 1=5n+5, (133
and from(123) the singularity ofpjl_n is determined, hence

Ind

pjl_ng (K<S>)m’hg%g}s5(jl—n)—1+(5n+5)=5j1+4 (134

which is consistent witt130) for (my,j1)=(1,j1).
(b) Next consider the tern?ﬁmavho,jl in (68); from the definition(49) we have that the
index of :'yiK-&th’jl is equal to the largest index obtained from the two tem‘névhm1 and

zp(v)(&va,K-h%). These terms have individual indices

Ind

z (K(S))m’&vhgﬁ>l}<5jl+ 3, (135

Ind

> <K<S>>'“'¢<S><v)<av7p,x~ho,jl>}<5h+4, (136
S
where the first index135 comes from(125 and the second follows frorf127). Hence

Ind <5j,+4 (137)

S ()™ (7, k-d,ho; )

which is consistent witt130) for (my,j1) =(1,j1).
(c) A more subtle example is the terg, «- &Uh’l*’nl“zyjl,n,l in (68) which expands to

P dnToj no1= k9,05 oj o1+ o) o 1th(0)(d, ¢,k i), (138

Now the index of each term can be evaluated to give

Ind rz,,-l,n,ésj (K(S))m'&vh(fr)ﬂs5h+ 2, (139
Indl T, -n-12 <K<S>)m'w<s><auz¢,x~h’{,n>}s511+4: (140

thus
ind > <K<S>>m’mx~avh*{,n><s>rz,jln1}<511+4 (141)

which is consistent witf130 for (m4,j1)=(1,j;). In this last example(139 is obtained from
(125 and(126); the second resultLl40 differs from (136) since(127) cannot be applied and the
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singularity of(d, i, «- hi,) must be estimated from the index([ih25). In a similar way the index
of each term appearing on the right in the recursion relati@&s—(71) for Iml,jl(v) can be
estimated with the final result ifl30).

(5) Verification of (131): We integrate the recursion relation for; (v) and examine the
resulting expression to establi§3l). When(68), the recursion forlvjl, is inserted intd131) we
obtain

y‘]lyiﬁn_lf dvDy(a,v) > (K(s))m’l(ls’j)l(v)
e 5

ji—1

:_y511+n+3|20 [(2+I)pjl,|+(1+I)pj*l,|]fj;dan(a,v)zs ()™ h(v)

) i ® )
+75]1+n+3<E) J'7 dUDn(Q"U)ES (K(s))m +1G(S)(U)

4 y5j1+n+3

'R)wv%x-@ f dvDy(a,v) X ()™ ¢ (v), (142

whereG(v)= hO,il_hZ,ilJr"' denotes the collection of terms enclosed by bracke{®& The
relations(124)—(127) hold for these terms by assumption, and it is straightforward to verify that
Indf G]=<5j,+2; this immediately implies that the terms (142 involving G are finite as
y—07. For the remaining terms if142) we havep; _~ v~ 5017D*1 from (123), hence we need

to prove

lim ’)/5| +4+n

y—0"

F doDp(a,0) X (K)™hE(v)|<e (n=1) (143

to establish(131). The formula in(125 bounds the index of the integrand (@43 by only
(51+n+5) which is not sufficient. Instead, we evalu&iel3 using the identity(73)

) , . " R (s) m’|(S)
f_wdan(a’U)Zs (k(S)m h(ﬁ)(v)= _(IE) f_wdan(a,v) (’sz—zul)l(v)

Sk g

(v—2zq)) (144

—FL,J dvD,(a,v)

The integral in the second term is nonsingular :Inq~y—5'—5 from (126), thus the desired
estimate in(143 holds for the second term. It remains to verify

S K(S))m’ | (lsl)(v)‘
o0

(v—12y)) ’

lim ,y5l+4+n

f_x dvDy(a,v) (n=1) (145

y—07

for the first term in(144); this follows from (128) with j—I| andD,—D,/(v—1zy,).
The proof of(143 establisheg131) for '1,11-

(6) (Part 3): Verification of(123) for pj,: It is straightforward to check that application of
(125—(127) to the right hand side of the recursion relatidf®)—(59) yields the estimate ifil23).
A few examples from(58) and (59) suffice to illustrate how this is carried out.

(@) Consider the tern(wu?b,x- h0,11-1> in (58); from (127) the singularity of this integral is at
most

_ 3+J0'j1_1 1 5j;—1
|<6Ul7[lYKh0,Jl—1>|~(;> Z(;) (146)

which is consistent withf123).
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(b) Other terms will involve products of integrals; for examdr%l_l(avz},m * ) in (58).
Using (82) and (126) we determine that the singularity of this product is at most

~ 1\1+925,-1/1\2 [q1\51"1
e T

Y Y Y
which again is consistent wittl23).
(c) A final example is the produdeJ((?va,K- h;jl—l—2> with 0<|<j,—2 from (59); apply-
ing (125 and (126) to this shows a maximum singularity of

_ (1)1+J2'|(1 3+J1'jl,|,2 (1)5j11
Lo, k-0 o)~ — — =|— 148
IPasd ey o) = 7 - (148
which is consistent witl{123).
This completes the proof. O

D. Implications of the main result

Theorem IV.1 allows us to evaluate the—0" limit of the theory. Rewriting the amplitude
equation(54) using polar variable#\(t) = p(t)exp(=ié(t)), and the scaling

p(t) =72 (1) (149
from Sec. Il C, yields
dr S 5j—1 2j+1
& =2 [ Relp) I, (150
do . 5]—1 2j
dr=em v [ imp)Ir®, (152

where 7= yt. The result(123 on the divergence of the coefficients ensures that the terms in
(150 and(151) are now finite asy—0*. Introducing the asymptotic coefficients

¢;(0)= lim [y 1p;] (j=1) (152

y—0*

the amplitude equation for a weakly unstable wave becomes

T it S (R (0) + AN (153
T =1

Unless Regj(0))=0 in each term, the scaling 149 is required to obtain a finite theory. The
circumstances that could forog(0)=0 were discussed in Sec. lll C, and will be analyzed more
completely in Sec. V.

The electric field is obtained from Poisson’s equatiomK)E . (t) ==/ .dvfi . using
the form off;, in (44)

—iA(1+aT(0))/k, m=1

EndD=] _iAmr_(o)imk m>1.

(159

The small growth rate behavior ¢f,(c) can be inferred fron{126) and the expansioh (o)
=3T'yo). Usingol=y°r?, we find an expansion df,, with a nonsingular limit

[

72m72+55’“'1rm:j§_:0 me,j+1rer2j, (155

and this motivates our definition &f,
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= lim 2™ 2+50mip _E bm(0)r?, (156)
y—0"
where
bm’j(O)E lim [y“‘m,i*ll“m’j]. (157
y—0"

With this notation, the asymptotic form of the Fourier expandigr,t) == ,E i (t) expimkX of
the field can be evaluated

i,yE/Z
E(x,t)=— F(7)(1+TSr (1) 2+ y))e (ko)

o C m
+ > y““’”’z(r ' (7) +/(Y)) m(kx=0(0)| 4 ¢ c. (158)
m=2 m
The asymptotic form may be rewritten more simply as
iE(x,t r
%2—) (7 )(1+F r(n2)e Wt ccl+(\y); (159

this describes an electric field comprised of a single Fourier component whose coefficient scales
like ¥>2 and evolves nonlinearly according to the asymptotic amplitude equéitis). The y>?
scaling yields a dramatically smaller field than would be expected from the trapping sgdling
characteristic of a model with infinitely massive ions.

An analogous discussion of the asymptotic distribution functipgu,t) is substantially more
complicated because of singularitiesurthat emerge ag—0*. This issue is briefly treated in
Sec. VI, but we defer a full analysis to a companion pdper.

V. SPECIAL CASES

Section 1l D identified three settings for whiahy(0)=0 and they * singularity of p; is
replaced by ay™ 3 divergence:

(@ Infinitely massive ionsx(®=0 for all s#e,
(b)  zero slope for the resonant |on$‘s)(vp(0)) 0 for all s#e,
(©) an electron-positron plasma(") =1 for positrons §=p).

From the partial fraction expansion in Lemma IV.1, we found the general condition required to
reduce the singularity of a standard integral,

® % a,,(s)
f dv.‘?’(v)=f duDp(B.0)*Dyf(@0) S ()" :Z'q (mn>0) (160

— oo

from y~ M N"4%1 tg 4" M=N=4*+2: namely,

ES’K<S>[<—1>m'+<x<s)>m’*1] 7 (v,(0))=0, (161)

where the primed sum omits the electrons. The specific instan€&6af that yieldsc,(0)=0
corresponds ton’' = 3.

The validity of this general condition varies between the three settings listed above. For both
(a) and(b), (161) holds quite generally for all integera’ =0; however, for the third setting),
the condition reduces to

[(—D)™ +1] 5 (v,(0))=0, (162
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and this will be generally satisfied only fon’ odd.

A. Cases (a) and (b)

It is relatively simple to adapt Theorem IV.1 to accommodate the first two settings where
(161) holds uniformly. The following result restates Theorem IV.1(bf under more general
assumptiongnote that the definition of the index in this paper differs frin.:

Theorem V.1: Assume that161) holds for all m=0; then for j=1, the coefficients in the
expansion of the amplitude equatitBy) satisfy

lim y4j*l|pj|<00. (163
y—0%

Let J,;=(2m+5] —3)+43y,0+ 55,1, then for =0, m=0 and ni =0, the indices of {; and
hS. obey
)]

Ind

S (61 <= o (169

Ind

2 (K(S))m’hﬁj}$~]m,j+ 1_] _ 5m,l! (165)

and the integrals in72) and (75) satisfy

lim ymi Iy, o <oe, (166)
y—0*
lim i * 273 0mal( 9,3 k- g )| <00 (167

y—0F

The proof is simpler sinc€l65—(167) follow directly from (164) and there is no need for special
estimates such g428 in them=1 case.

Proof: (1) The induction proof follows that for Theorem IV.1, and we only highlight the new
features brought in by161). The recursion relations fdr, ; are finite sums; each term of which
has the formq(y)<(v) where Ind<(v)]=1 and the coefficienj(y) may be singular as
y—0". According to Lemma IV.1, with(161) in force, if J=Ind[q(y)¥(v)], then
Y " Yq(y) fdv ¥(v) remains finite agy—0".

(2) We have already shown thétt61) implies (163 for j=1 so the theorem has been proved
for the first level of Table I. As before, we assume tkE63—(167) are valid down to some
arbitrary level of Table I, and consider what the recursion relations imply for the coefficients
evaluated at the next level. Again, we us®,(j) to denote subscripts of coefficients such as
Imy iy hml,jl and P, that are to be evaluated from lower order quantities assumed to satisfy

(163—(167). Following the organization of the previous proof, we first check théd) for Ify) ;-
implies (165)—(167) for hﬁfi’jl, T, and(d,,x-hy ), respectively. Theii164) is verified
from the recursion relation fdr(nfi'jl, and finally (163 is shown to follow from(165—(167).

(3) (Part 1): Assume that164) holds forl(nfi'jl:

Ind

(s)ym’[(s)
ES (&) Imlvll

g\]ml,jl_jl_5ml,1, (1689

then the propertie§165—(167) are easily obtained as follows. First, the integrand’gf ; in
(72) has index

Ind

<J

ES I(r:i,jl/ (U_Zm,j)

from (164) so the expression

ml'jl_jl_ 5m1'1+1 (169)
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PRISAE
m111 “h 5m1f dv b— Z]( ) (170
m,j

remains finite asy—0™"; this proves(166) since theéml,1 in the exponent compensates for the
added singularity of/\k(zlyjl) in (72). Next, (165 follows by applying(168 and (166) to the
identity (73). Finally, the integrand if167) has index

> 9,99k
S

from (165 so the bound ir{167) follows from (161) and Lemma IV.1.

(4) (Part 2): Verification of(168—the index of ,In i : The consequences ¢161) for the
index calculation are incorporated (h63—(166). The mdex of each term on the right hand side
of the recursion relations fdr(n?i,jl(v) can be evaluated by applying these conclusions regarding
the lower order coefficients; this is done exactly as in the progfl8f) in Theorem IV.1. The
bound in(168) follows as before.

(5) (Part 3): Verification of (163 for I It is straightforward to check that application of
(1695-(167) to the right hand side of the recursion relatidfg)—(59) yields the estimate if163)
just as in the proof of Theorem IV.1. O

In light of the discussion in Sec. IV D, the theorem tells us that the scali(it/i9 is replaced
by

Ind his |<J —j1= O 1t 3 (171

My

p(t)=y’r(yt) 172

for the special casds) and(b). This modification in turn implies an electric field characterized by
the “trapping scaling” E,~y?; the discussion in(l) provides detailed expressions for the
asymptotic form ofE(x,t) and f(®(x,v,t) in the limit y—0* when the ions are fixet.

B. An electron-positron plasma

The resultp;~ vy~ 4" for the two special cases ]USt considered is not correct for the electron-
posnron system WIthK(p)_—K(e)_l Although p;~y~2% does hold, we find at fifth order
p,~ v~ & instead ofp,~ 7y ’. Thus the trapping scahng of the amplitude(i¥2) is not sufficient
to obtain a finite expansion. We summarize the evaluatiop,ofrom (57)—(59), but leave the
comprehensive analysis of this case as an open problem.

The exact recursion relation fqr, is

—ikpy=—(d, ¥k (Ng1—h3 D))= 3 (3,0, k- * ) 21— (3, k- No YT 0+ (3, ¥, k- ho o110

1 ~ % F3’0 ~ % FZ,O ~
5 (b1l o0t == (0N 9 — == (du -3 [ (173

and, in the bracketed termis; o andI’; o are nonsingular so Theorem IV.1 ensures the divergence
of these terms cannot excegd?; hence they are subdominant:

—ikpy=—(d, ¥k (Ng1—hy D))= 3 (3, k- * ) 21— (3,1, k- ho YT 1 0
(0,1 hp )T T ot Oy~ 7). (174

Here consider the two terms involving’'yo. In the general case, Theorem IV.1 gives
o~ ¥~ %, but this drops toy * when we take(161) into account form’ odd. The integral

<07U’170,K-hzyo> is nonsingular so(&fw,x-hz,o)lﬂ’l‘ym y~* and we neglect this term also. Next
(9,9,k-hg o) is written out to find

~ [ ~
(9uthire-hog) = 5 (0uthin® (4 =) (179



4574 J. Math. Phys., Vol. 39, No. 9, September 1998 J. D. Crawford and A. Jayaraman

this integrand has index equal to 3, but contains an odd power &b (161) holds and the

divergence cannot exceed 2. Overall, (3,9, - hooT'10 has a maximum singularity of~". A

careful examination of the first term ifl74) yields the same estimat(eﬁvl,x-(hoyl— h,1))
-7

~y7 .

The dominant singularity ip, arises from the remaining term

il ~ . -,
P2=— 2~ (duth- )+ (v, (176)
and from(85) and(115), we obtain

i 77 (v,(0))
Ay(v,+i0)

~ k\2
<avl//1K'dI*>:_(_) +@(7)} 77

Y

The evaluation of’, ; starts from(72)

o Tl fw 15)(v) (179
2’1_A2k(22,1) s J-w v —2Z,
and the recursion relatiofv0) for I, ;
i 9 1 . 1
I24(v)=—2pihy ot K hyot ¢l 0—hgot 3 Yo zho,orz,o : (179

Note thatA (2, 1) = 3/4+ @(y) from (21) so any singularities arise from the integral

= Sd%0 hgso(u) i (>
fﬁwdv —— =- plf dy ———— —— lew (U_Zzl)zz K8

L (s)* L (s)
+3¢ et §ho,orz,o :

| h+ 9T 1 o~ hSY

(180)

The strongest singularity here occurs in the integral d\fl% and all other terms 180 are
subdominant; thus we can focus attention on the expression

= SdSw) 0= ZkOhiy
— - @) -4
Jﬂcdv = Jixdv (U_Zm)ﬁ,/(y ). (181

U — ZZ,l

When h( is evaluated using73) we obtain

- 1(U) SKS)I(lsg, .
j—md V=231 7f Y (- 2, (v— zo)+é(7 ). (182

Now the recursion relatio(68) for I(S) is applied, and examination of the various terms shows that
the dominant singularity arises from the occurrence/dfin hg o so that(178) can be reduced to

i[lmty)]) f . So(k9)372yS) (v)*
3] (v—2p0%(v—210)

21~ +(yd). (183

Finally a partial fraction expansion of the remaining integral yieldg @ singularity

fw g (kPP w)r 1
-z v-20 P

( )k%“”( vp(0) + ()|, (184

and leads to the asymptotic form p§ from (176
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TABLE Il. Summary of the exponen® obtained from the amplitude equa-
tion. The caseta), (b) and(c) are the exceptional cases discussed in Sec. V.

System B Comment
c,(0)#0 g generic result for multiple mobile species
(@ c4(0)=0 2 infinitely massive ions
(b) c,(0)=0 2 7 (v,) =0 for each ion species
(©) c4(0)=0 9<p<3 an electron-positron plasma
1 |/im%k 77(kp)(vp)2
=— —+(y) |+ Oy 7). 18

Since ImA,(v,+i0) is typically nonzero, this shows that Rel~7 & and implies that the
trapping scaling172) leaves a residual singularity at fifth order. Wjitt) = y#r (yt) the rescaled
equation becomes

dr
g2 =P Repyri YT Repy)ro (186

so 8=9/4 is required to overcome thg & divergence imp,.

VI. DISCUSSION

Our analysis of an unstable electrostatic wave expresses the Vlasov distribution function
f(x,v,t) in terms of the wave amplitude, i.e.,

©

f(x,0,t)=[A(t)e**y(v)+c.c]+ Z_ ™M (v, A AY), (187

whereA(t) evolves according to an amplitude equation,
A(t)=Ap(|A?)). (189

In the small growth rate limit, the eigenvalue of the unstable mode approaches the imaginary axis
and, aty=0, merges with a neutrally stable continuous spectrum on the"aXiBhis “interac-
tion” between the unstable mode and the neutrally stable continuum leads to singular features in
the asymptotic form of the amplitude equatitir88).*®

These singularities are physically significant since they reflect the very strong nonlinear in-
teraction between the wave and the resonant particles at the linear phase velocity. Remarkably, the
guantitative form of the singularities can be consistently interpreted as fixing overall scalings of
the nonlinear solution with the linear growth rate in the asymptotic liit0*. This interpre-
tation is achieved through a singular transformatiat)| = y#r(yt) of the mode amplitude in
which the exponeng is fixed by the criterion that the rescaled dynamics,

dr_  Rep(y*r(n)?)

ar r(r 5 (189

is free of singularities agy—0*. Our conclusions are summarized in Table II; with the notable
exception of the electron-positron system, we can rigorously establish an exact v@leebt in
the typical instability ang3=2 for certain exceptional models. In the electron-positron case, we
have fixed only a range of possibj@ values from the explicit calculation gi(|A|?) through
fourth order in|A|; the complexity of the recursion relations in this case prevents the iterative
determination of the dominant singularities at each order.

The shift fromB=2 to 8=5/2 as the true asymptotic scaling due to finite mass ions at the
phase velocity of the wave is our most significant conclusion regarding the physical character of
the nonlinear wave. Since previous studies of the asymptotic scaling of single wave instabilities
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have focused primarily on plasma waves and assumed fixed ions, this shift was not anticipated and
was discovered purely as a consequence of the singularities in the amplitude edu&8on
Numerical simulations of unstable ion-acoustic waves or unstable plasma waves in systems with
finite mass ratios would be of considerable interest in this connection. In particular, for plasma
waves one expects a crossover in the asymptotic scaling from the trapping s¢air) to 8
=5/2 at sufficiently small growth rates. Predictions of this crossover have been made elsewhere
based on the competition between the* and y~2 singularities in the cubic coefficieft.

In this paper we have not analyzed the asymptotic formi(gfv,t), but it is clear from the
expansions foH (x,v,A,A*) that this is an interesting question. For example, consider the leading
coefficient inhg(v) from (77),

K2'7}k
(v—20)(v—25)

d

hodv)=—iz2 ™ ; (190

there are poles in the complex-velocity planegtndz; that approach the real velocity axis at
vp in the limit y—07". Thus the coefficient becomes a singular function at the phase velocity
when y=0; on the other hand, far# v, the coefficient is well-behaved at small growth rates.
In the distribution function(187) this particular coefficient is multiplied byA|? so that after
rescaling the amplitude we have a term of the fariw®’h, (v). Now the emerging singularity

in velocity space is weighted by a factor ¢f#, and one would like to understand whether the
resulting product is finite or singular gt=0. A detailed analysis of this problem will be presented
in a forthcoming paper, but the primary conclusion can be simply summariadide a neigh-
borhood of width(y), and centered om=v,, the singularities in the coefficients &f are
balanced by the factors afintroduced by the rescaling ¢&| and one can obtain finite, nonzero
limits for the weighted coefficients. Outside this small neighborhood of the phase velocity, the
factors ofy force the weighted coefficients to vanishqat 0.

The connection between coefficient singularities and nonlinear scalings that is studied in this
paper is relevant in other settings. As mentioned above, a key feature of our instabilities is the
emergence of the critical eigenvalues from a neutrally stable continuous spectrum. It has been
appreciated recently that this characteristic is shared by a diverse set of additional examples which
include the onset of linear instability in fluid shear floWsZ° instabilities of solitary wave$:~23
synchronization of large systems of coupled oscillafrand bifurcations in “mean field” de-
scriptions of the dynamics of bubble clouds in flufd$n the phase-dynamical models of coupled
oscillators, the amplitude equations of the weakly unstable modes have been analyzed in the
y—07 limit.?%2" In these studies, the coefficients can be singular or nonsingular depending on
how the oscillators are coupled, but when singularities occur in the limit of small growth they can
be absorbed by singular rescalings of the amplitude in a procedure analogous to the method used
in this paper. The specific values of the scaling exponents are different, but yield predictions for
the emergence of the nonlinear synchronized state.

It seems likely that the analysis of singular amplitude equations provides a general means to
determine scaling exponents for weakly unstable systems. The exponents in turn provide a quan-
titative measure of the strong nonlinear interaction between the neutrally stable modes and the
weakly unstable modes.
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